Figure 4.4: PoE forward kinematics for the 6R open chain.

Example 4.3. (6R spatial open chain). Find the FK ?

The forward kinematics using the space form of the PoE

T = elilor ..

el with M =

100 0

010 3L
001 0

000 1

10K

and

1 w; v

1] (0,0,1) | (0,0,0)
21(0,1,0) | (0,0,0)
3 1(-1,0,0) | (0,0,0)
41(-1,0,0) | (0,0,L)
5| (-1,0,0) | (0,0,2L)
6| (0,1,0) | (0,0,0)




Figure 4.5: The RRPRRR spatial open chain.

Example 4.4. (An RRPRRR spatial open chain). Find the FK ?

The forward kinematics using the space form of the PoE

T — lS1l0n .

el 01 with

M =

1 00 0
010 Li+ Ly
001 0
000 1

and

1 W v;
1](0,0,1)| (0,0,0)
21(1,0,0)| (0,0,0)
31(0,0,0) | (0,1,0)
4(0,1,0)| (0,0,0)
51(1,0,0) | (0,0,—L)
6(0,1,0) | (0,0,0)

Note that the third joint is prismatic, so that w; = 0 and v3 is a unit vector in the direction of positive

translation.
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Figure 4.6: (Left) Universal Robots’ UR5 6R robot arm. (Right) Shown at its zero
position. Positive rotations about the axes indicated are given by the usual right-hand
rule. W is the distance along the j -direction between the anti-parallel axes of joints
1 and 5. W; = 109 mm, W, = 82 mm, L; = 425 mm, L, = 392 mm, H; = 89 mm,

Hy; = 95 mm.

Example 4.5. (Universal Robots’ UR5 6R robot arm). Find the FK at 0 = (O, -5,0,0,3 0)

The forward kinematics using the space form of the PoE

T = elSilfr ..

el with M =

00 Li+Ls|
01 Wi+ W,
10 Hy— H,
00 1

110

and

1 Wi v;

1] (0,0,1) (0,0,0)

2 (0,1,0) (—H1,0,0)

3| (0,1,0) (—H4.,0,L,)

41 (0,1,0) (—=H41,0,L; + L)
51(0,0,-1) | (=W4,L1 + L»,0)
6| (0,1,0) | (Hy — H{,0,L1 + L»)




The configuration of the end-effector at § = (0,—3,0,0,3,0) is

T — olS1101,[82]02 85103 ,[S4]04 (5105 o [Se]0s 1

= Ve I3 005 0N gince =1
(0 —1 0 0.095]

_ S5 IS5y — 1 0 0 0.109
0 0 1 0.988
00 0 1

Figure 4.7: (Left) The URS5 at its home position, with the axes of joints 2 and 5
indicated. (Right) The UR5 at joint angles 6 = (64, ..., 0¢) = (0,—7/2,0,0,7/2,0).
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1.3 Second Formula: Screw Axes in End-Effector Frame (body form of PoE)

e The matrix identity can be expressed as

if A= M'PM then e?=¢e"""M = MM MMM =Py

e Beginning with the rightmost term of the previously derived space form of PoE, if we repeatedly
apply this identity, then after n iterations we obtain

T(e) e 6[81]01 e e[Sn—l]an—le[Sn]enM

= 6[81]91 .. [Snfl]enflMeM_l[Sn]Mﬁn

- €

— QIS0 M T Snoal M1 M 7YS, | MO,

€

— Meﬂf_l[sl]Mel L. GJV[_l[Sn—l]]\/Ien—leM_l[Sn]Men

— Me[Bl]gl . e[anl}enfle[Bn]gn

where [B;] = M 1[S;]M i.e.,
Bi = [AdM—l]SZ for i = 1,2,-" ,n

e Above equation is an alternative form of the PoE formula, representing the joint axes as screw
axes B; in the end-effector (body) frame when the robot is at its zero position.

e It is called the body form of the PoE formula.
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e In the space form,
T(e) = 6[81]91 .. e[snfl]enfle[sn]enM

— M is first transformed by the most distal joint, progressively moving inward to more proximal
joints.

— The fixed space-frame representation of the screw axis for a more proximal joint is not af-
fected by the joint displacement at a distal joint

- Joint 3’s displacement does not affect joint 2’s screw axis representation in the space frame.

e In the body form,
T(e) = Me[Bl]gl ce e[anlwnfle[Bn]gn

— M is first transformed by the first joint, progressively moving outward to more distal joints.

— The body-frame representation of the screw axis for a more distal joint is not affected by the
joint displacement at a proximal joint

- Joint 2’s displacement does not affect joint 3’s screw axis representation in the body frame.

e Relationship bw screw axis of the space form and screw axis of the body form

Bi| = M7 SIM B; = [Ady1]S;

fori=1,2,--- . n

1193



L | L | L |
| | |
Zg z
TR W (S feE
& {S} )A(b {b} yb

Figure 4.4: PoE forward kinematics for the 6R open chain.

Example 4.6. (6R spatial open chain) Find the FK using the body form of the PoE ?

The forward kinematics using the body form of the PoE

1 W U;
B . 1| (0,0,1) | (—3L,0,0)
1 00 O
010 3L 2 (0,1,0) | (0,0,0)
T — Me[Bl](gl . 6[36]96 with M = 001 o and 31(-1,0,0) | (0,0,—3L)
4 1(-1,0,0) | (0,0,—2L)
000 1
- - 51(-1,0,0) | (0,0,—L)
6| (0,1,0) | (0,0,0)
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Ly = 550 mm
Shoulder
J1,J2,J3

Figure 4.8: Barrett Technology’s WAM 7R robot arm at its zero configuration (right).
At the zero configuration, axes 1, 3, 5, and 7 are along Z; and axes 2, 4, and 6 are
aligned with §, out of the page. Positive rotations are given by the right-hand rule.
Axes 1, 2, and 3 intersect at the origin of {s} and axes 5, 6, and 7 intersect at a point
60mm from {b}. The zero configuration is singular, as discussed in Section 5.3.

Example 4.7. (Barrett WAM 7R robot arm). Find the FK using the body form of PoE at 6 = (0,%,0,—%,0,—%,0)
The forward kinematics using the body form of the PoE

1 W V;

(0,0,1) (0,0,0)
(0,1,0) | (L1 + Lo + L3,0,0)
(0,0,1) (0,0,0)
(0,1,0) | (Lo + L3,0,Wy)
(0,0,1) (0,0,0)
(0,1,0) (L3,0,0)
(0,0,1) (0,0,0)

(10 0 0
010 0
T = MBI ... Bl with M = and
001 Li+Lo+ Ly

000 1

<N O O W
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The configuration at § = (0,%,0,—%,0,—%,0) is

T = MelBor ... ([Brlor

— MO plBalta 0 B0 0, [Bs)6s 0

— Me[BZ]%e_[B‘l]%e_[BG]% =

Figure 4.9: (Left) The WAM at its home configuration, with the axes of joints 2, 4,
and 6 indicated. (Right) The WAM at 6 = (61, ...,07) = (0,7/4,0, —7w/4,0,—7/2,0).
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2 Homework : Chapter 4

e Please solve and submit Exercise 4.2, 4.5, 4.7, 4.8, 4.10, 4.12, 4.15, 4.18, 4.20, till April 16 (upload
it as a pdf form or email me)

e If you let me know what the numbers you cannot solve until April 14, I will include the solving
process in the next lecture.
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