(MPC) 2.1 Paper Review: Biped Walking Pattern Generation by us-
ing Preview Control of Zero-Moment Point

1. A biped walking pattern generation by using a preview control of the zero-moment point
(ZMP).

2. The dynamics of a biped robot is modeled as a running cart on a table which gives a convenient
representation to treat ZMP.

3. The paper formalizes the problem as the design of a ZMP tracking servo controller. Such
controller adopts the preview control theory that uses the future reference.

4. It is also shown that a preview controller can be used to compensate the ZMP error caused by
the difference between a simple model and the precise multibody model.
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(MPC) 2.1.1 Dynamic Models of Biped Robot

1. Consider cart-table model to derive the dynamics on the plane z = ¢,

Rearranging them, we have

Let us introduce the ZMP
T,
Pz = L
mg
Py mg

Ty = —MGCy + MCyCy

Ty = MYCy — MCyZe

g 1
Cp = —C; + Ty
C, mc,
g 1
Cy = —C, — T,
4 C, 4 mc, *
_ 9 _
Cy = _(Ca: px) px = Cy
CZ
_ 9 _
¢y = —(cy — py) Py = ¢y
CZ
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2. Choose the control term as derivative of the acceleration

dé, | dé,

Uy — —— u, =
dt Yoo dt

then we have the state space equation on x-directional ZMP equation
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(MPC) 2.2 Paper Review: Design of an optimal controller for a
discrete-time system subject to previewable demand

1. Let us convert the continuous system into discrete system using matlab commands

Delta_t = 0.005;
[Am, Bm,Cm, Dm] = c2dm(Ac,Bc,Cc,Dc,Delta_t)

2. Consider the time-invariant discrete system described by

Tk +1) = Apzn(k) + Bphu(k)
p(k) = Cpzm(k)

3. We further assume that the demand is previewable in the sense that at each time &, N, future
values p.(k+1),p.(k+2),--- ,p.(k + N;) as well as present and past values of the demand are
available.

4. It is desired to embed the integrator to eliminate the tracking error
e(k) - p(k) _pr(k) - Omxm(k) - pr(k)

we derive an augmented state-space model that includes the future information on the de-
mand signal as well as the error ¢(7), the incremental state vector Ax,, (k) = (k) — (kK — 1)
and the incremental control vector Au(k) = u(k) — u(k — 1)
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. For the integrator embedding, taking a difference operation gives us

Tk +1) — (k) = Aplen (k) — 20 (k — 1)] + Bpfu(k) — u(k — 1)]
e(k+1)—e(k)=[Chonk+1) —pa(k+1)] — [Crhzm(k) — pa(k)]
= Cm(xm(k + 1) = (k) — pr(k + 1) + pr(k)
Let us denote the incremental demand defined by
Apr(k + 1) - pr(k + 1) - p?“(k)

Now we have the below equation using the incremental notations:

Az, (k+1) = AnAxy, (k) + BhAu(k)
e(k+1)=-e(k)+ CpAx,(k+1)— Ap.(k+ 1)
= e(k) + Cn[An Az, (k) + B Au(k)] — App(k+ 1)
= e(k) + Cp,AnAxy, (k) + CpBpAu(k) — Ap,(k+ 1)

. Now we have an augmented state-space model as follow:

Aralh e 0] _ [ An O] T8rn8] [ P )4 [O2] s
- a(k+1) = Azx(k) + BAu(k) + B,Ap,(k + 1)

e(k) = [0n 1] [Af{l()’f)] S e(k) = Ca(k)

. The future state variables are calculated sequentially using the set of future control parame-
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ters

x(k + 1|k) = Az(k) + BAu(k) + ByAp.(k + 1)
(k4 2|k) = Az(k + 1|k) + BAu(k + 1) + B,Ap,(k + 2)
= A%z(k) + ABAu(k) + BAu(k + 1) + AB,Ap,(k + 1) + B,Ap,(k + 2)
x(k + 3lk) = Ax(k + 2|k) + BAu(k + 2) + B,Ap,(k + 3)
= A%z(k) + A’BAu(k) + ABAu(k + 1) + BAu(k + 2)
+ A?B,Ap.(k + 1) + AB,Ap.(k + 2) + B,Ap,(k + 3)

z(k + Ny|k) = AN ax(k) + AN BAu(k) + AN 2BAu(k + 1) + - - + AV Y BAu(k + N, — 1)
+ AN B Ap, (k +1) + AN 2B Ap.(k +2) + - - -+ AN N B Ap,(k + Ny)

8. From the predicted state variables, the predicted error variables are, by substitution

e(k + 1|k) = CAz(k) + CBAu(k) + CB,Ap,(k + 1)
e(k+2|k) = CAx(k + 11k) + CBAu(k + 1) + CB,Ap,(k + 2)
= CA%x(k) + CABAu(k) + CBAu(k + 1) + CAB,Ap,(k + 1) + CB,Ap,(k + 2)
e(k + 3|k) = CAx(k + 2|k) + CBAu(k +2) + CB,Ap,.(k + 3)
= CA%z(k) + CA’BAu(k) + CABAu(k + 1) + CBAu(k + 2)
+ CA’B,Ap,(k + 1) + CAB,Ap,(k + 2) + CB,Ap,(k + 3)

e(k + Ny|k) = CAYx(k) + CAN I BAu(k) + CAY 2 BAu(k + 1) +--- + CAY M BAu(k + N, — 1)
+ CAN B Ap, (k +1) + CAY 2B Ap,(k +2) + -+ + CAY " MB Ap.(k + N))
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9. Note that all predicted error variables are formulated in terms of current state z(k), the future
control movement Au(k + j) for j = 0,1,2,--- | N. — 1, and the demand Ap,(k + j) for j =
1,2,3,---,N;,. As a compact form,

E = Fa(k) + ®AU + UAP,

[ e(k+1]k) T
e(k +2|k)
e(k + 3|k)

_e(k + Np|k)_

10. This compact form will be utilized for the implementation of the MPC.

[ CA
C A?
CA3

| cAN

z(k) +

CB,
CAB,
CA’B,

CB
CAB
CA®’B

CAN—1B cAN—2B CAM—2B ...

0
CB
CAB,

0
CB
CAB

0
0
CB,

(CAM-1B, CAM—2B, CAN—2B, ...

0 0 1T Au(k)
0 0 Au(k +1)
CB 0 Au(k +2)
CAN:=NeB | | Au(k + N, —1)]

0 1 [ Ap(k+1)7
0 Ap,(k +2)
0 Ap,(k + 3)

CANe=NiB | | Ap.(k + Ny) ]

E = Fa(k) + ®AU + VAP,

where £ ¢ RV, F ¢ RV 2(k) € R, & € RN AU € RN, U € RVNN AP, € RNV
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11. This objective is then translated into a design to find the best control parameter vector AU

such that an error function. Let us define the cost function .J that reflects the control objective
L7 L rs
J = EE QF + §AU RAU

where the error weighting Q € R»*"» is defined according to the prediction sequence level and
the control input weighting R = r, Iy «, is a diagonal matrix and r,, is a tuning parameter.

-1 -
log(1+1) ? 0 rw 0 -+ 0

1
0 0 gD 0 0 - 1y

12. To find the optimal AU that will minimize J,
1
2

— %(Fx(k;) + VAP Q(Fx(k) + VAPR,) + AUT®TQ(Fx(k) + WAP,) + %AUTQTchAU + %AUTRAU

1 _
J = ~(Fx(k) + ®AU + VAP Q(Fx(k) + AU + VAP,) + 5AUTRAU

13. The necessary condition of the minimum J is obtained as

0J

PN ' Q(Fx(k) + VAP,) + ®'Q®PAU + RAU=0 — AU =—(®'Q®+ R)"'®'Q(Fxz(k) + VAP,)

where the matrix (d”Q® + R) is called the Hessian matrix in the optimization literature.
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14. The optimal solution of the control signal is linked to the demand p,(k + i) and the state
variable z(k):

AU = —(®7Q® + R)'oTQ(Fx(k) + VAP,)
= —Kmpcx(k) - Kprem'ewAPT

where
Kope = (®7Q® + R) @7 QF

Kpreview = ((I)TQ(I) + R)_ICI)TQ‘IJ

15. According to the receding horizon principle, the first sample Au(k) is chosen from a optimal
solution AU

u(k) = u(k — 1) + Au(k)
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(MPC) 2.3 Paper Review: Posture/Walking Control of Humanoid
Robot based on the Kinematic Resolution of CoM Jacobian with Em-
bedded Motion

Z Z
CoM(cy, ¢;) CoM(cy, C5)
mé, <——l f—» mé,
-mg —mg
> T, > Ty
i ‘ X X
ZMP(Py) ZMP(P,)

1. Consider two differential equations related to the ZMP as follows:

Cy .. 1. Cz .. L.
Pz =G =" "Ce = Ca ™ 5C Py =Cy— —Cy=C— —5C
w2 g w2

where w, = \/g/c, implies a natural radian frequency of the simplified motion model of hu-
manoid.

1990



- Desired ZMP pd¢ + - Actual ZMP p i

: ZMP
ZMP Control :
& + /%L u  Simplified : Disturbance &
: CoM | * : Humanoid <——
. Planner vy Model
d/dt Control

Desired CoM cd +<54 - Actual CoM c

2. The simultaneous CoM and ZMP stabilizing control scheme is suggested for humanoid bal-
ancing as shown in the figure. The ZMP and CoM Planner yields the desired ZMP and CoM
trajectories using the MPC based on previewable demand.

p; = ¢ — —¢C for i =x,y (155)

where the superscript d implies the desired trajectory.

3. The simplified motion model for humanoid robot has the following dynamics:

1
Di = C; — —262 G = u; + €5 (156)
wn

where ¢; is the bounded disturbance, u; is a control input to be designed later for the CoM
motion control.

4. Let us define the ZMP and CoM errors from the figure as follows:

ey = D} — pi eei = ¢ — ¢ (157)
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5. Using the concept of proportional control in the ZMP and CoM control blocks, we are to design
the control input u; in the figure as following form:

U; = Cgl + kcieci — ]{inepi for i = x,Yy. (158)
where k. and k), are the proportional gains of CoM control and ZMP control, respectively.

6. Stability of the proposed control scheme.

a) The error dynamics is obtained from the difference between Eqs. (155) and (156) as
follows:
éci = w,,%(em- - em-). (159)

b) Another error dynamics is obtained by applying Eq. (158) to Eq. (156) as follows:
i + keiCei + € = kpiep;. (160)

c¢) Differentiating Eq. (160) and using Eq. (159) yield the following dynamic relation:

1
épi (ecz + Kei€ei + 57)
kpz
. kei 1
= &(601 ep%) + = (kpzepz kei€ci — 52') + —¢;
pi kpz kpi
ws w2 — Epikei 1
L= ) e + (& — kaigi). 161
< kpz ) ( kpi ) Cpi + kpi (6 & ) ( )
d) Let us take a Lyapunov function candidate as follow:
1
V(€cis epi) = 5 [(kQ —w)et + kgz fn} : (162)
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where V (e, e,;) must be a positive definite function if £, > w, and k, > 0, except the
equilibrium point e,; = 0 and e,; = 0.

e) If we take time differentiation with respect to above Lyapunov function candidate, then
we have

12 2\ - 2
V= (kg — wy)eciCei + kpiepicpi.

By applying Eqgs. (160) and (161) to above relation, we have

ci n pi
2 2 2 2 I 2
+ (k2 — w?) (a e, — |aeey + o0l + @%)
2
+ ki (5%; — | Beyi %5 + #s?)
+ kpikei (’72612)2‘ — |Vepi T 2i€i 2 + %522>
gl 4y

= = (ke — a®)(ke; — wi)e = hilwy — (kni + 7)) kei = Bey,

2 2 2
— (]{?2 — w2) ey + —¢c;| — ky; /36 P — LEZ — kyike Yepi + i&
ci n 200 P 14 26 P P 2’7
(kgz — W%) Kpikei| o, Kpi .o
+ { 12 + 42 g + 4528“

where «, 3, are arbitrary real positive constants. Now we can have the following in-
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equality:

V < = (ke — o®) (ks — wp)et; — kpilwy — (kyi + 7 ket — F]ep;

n/=c i

(kgi_wr%) Kpikei| o kpi .o
o T 272 ei+4225i. (163)

f) If the following conditions are satisfied with o = /w,,

_|_

2 a2
ke >w, and 0<ky, < (w”k ‘ﬁ — 72> (164)

then we can know that the disturbance input-to-state stability (ISS) is guaranteed

g) For practical use, the gain conditions of Eq. (164) can be approximately rewritten without
using arbitrary positive constants 5 and ~ as follows:

kei >w, and 0 <k, <w, (165)

h) Notice that the positive feedback of actual ZMP information is used, while the CoM con-
trol is a typical negative feedback.

7. Since the control input produced from the simultaneous CoM and ZMP stabilizer is designed
at the velocity level of CoM motion in the task space, the kinematic resolution method from
the control input in the task space to the configuration joint velocities is required for the
implementation.
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8. Each limb of humanoid is, hereafter, considered as an independent limb. In general, ith limb

World Coordinate
Frame

has the following kinematic relation:
Oj?@ = OJZ' qz for i = 1, 2, R 0} (166)

where °1; € R is the velocity of end point of ith limb, ¢; € R" is the joint velocity of ith limb,
°J. € ®*" is an usual Jacobian matrix of ith limb.

The leading superscript o implies that the elements are expressed in the body center coordi-
nate frame. Note that the body center frame is attached and fixed on the humanoid robot.

10. Compatibility Condition

e Since the body center frame is floating due to the robotic movement, we have

Ti = To + BTy, (167)
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fori =1,2,3,4, where R, is a rotation matrix of the body center frame with respect to the
world coordinate frame.

e A 6-dimensional velocity vector of ith limb motion represented on the world coordinate
frame is obtained as:

/,;.Z — 7;.0 - I:ROO/’RZ X]WO _|_ ROO/’;.Z'

W; = Wo + RoOwia

as a matrix-vector form, we have

= [l e T B ]

where 03 and /5 imply (3 x 3) zero and identity matrices, respectively.

e Above equation can be rewritten as following compact form:

i = X, 'd, + X, 0,
= X, Yi, + X0 G, (168)
T1T € %% implies a 6-dimensional velocity vector of end point of ith limb

Z 3 WOT]

where i; = [r], w;
T implies the velocity of body center
frame, %i; = [7],°w;T]" implies the velocity of end point of ith limb in terms of the body
center frame, and we know °z; = °J; ¢;, and

in terms of world coordinate frame, &, = [r

o 13 [ROOTZ'X] 6x6 _ R, 03 6x6
XZ_[Og I }E?R and X, = 0; R, eR

Hereafter we will use the relation J; = X,°J; for notational ease.
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e Now we are ready to explain the compatibility condition. It means that all the limbs in
humanoid should have the same body center velocity, in other words, from Eq. (168), we
can see that all the limbs should satisfy the compatibility condition that the body center
velocity is the same, and thus, ith and jth limbs should satisfy the following relation:

e Let us express the base limb with the subscript 1, then the joint velocity of ith limb is
expressed as:
G = J; 2 — J Xp(21 — Jiqr), (170)

for i = 2, 3,4, where J;" means the Moore-Penrose pseudoinverse of J; and

]3 [R0<07”1 — OTZ‘)X]

= X1x, =
Xin =X, Xy 0 I,

11. The derivation procedures for CoM Position ¢ and CoM Jacobian J,; of ith limb will be skipped.
You can refer to the paper for the details.
12. Kinematic Resolution Method using CoM Jacobian

e The motion of body center frame can be obtained by using Eq. (168) for the base limb as
follows:

To = X1 {&1 — Jiq1}

[Z] = [é?; [Rozlxq {[Lﬂ - L’H q&}, 171)
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where J, and J,, are linear and angular velocity part of the base limb Jacobian .J; ex-
pressed on the world coordinate frame, respectively.

e The CoM motion (or velocity) is described as following form:
C=T,+ w, X (C—To)+Zch' qi
i=1

=7, +wy X (c—1,) + Ja +2ch‘ di
i=2

= to+wo X (c— 1) + Jady + Y _ Jal i i — T Xandy + T X i)

1=2

=T+ wo X (¢ —1y) + Jaagr + Z Jeid (1, — Xpd1) + Z Jeid; X Ji. (172)

i=2 i=2
e Using above equations, the CoM motion is only related with the motion of base limb:
c =71+ w; X Tel — Jv1q1 + 7 X Jw1q1 + Jcldl + Z chc]l—’_($z - X@'li‘l) + Z JCiJzTFXil‘]lq.l

=2 1=2

(173)

where r.; = ¢ — r1. In addition, let us assume that the base limb has the surface contact
with the ground (the end point of base limb represented on the world coordinate frame is
fixed, #; = 0, namely, ;1 = 0, w; = 0).

e Let us rearrange above equation by gathering the terms related to the base limb motion
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(¢1), then it is reduced to:

¢ Jad i = | = o ra X Ju + Ja+ Y Jad Xy | (174)
i=2 =2

where we can know from the left-hand side terms that all task motions of other limbs
except base limb seem to be embedded into the CoM motion.

Finally, the CoM Jacobian matrix having the embedded task motions can be defined like
usual kinematic Jacobian with respect to the base limb:

éfsem = stem 611, (175)

where the subscript ‘fsem’ denotes a fully specified embedded task motion and

Choem = €= Y Juid i, (176)
=2
stem - _Jv1 + T X le + Jcl + Z JCiJZ‘—i_XﬂJl- (177)
1=2

Here, if the CoM Jacobian having the embedded task motions is augmented with the

orientation Jacobian of body center (w, = —J,,¢1), then the desired joint configurations of
base limb (support limb) are kinematically resolved as follows:

. o stem i éfsem,d

q1,d = [_lel [ wod |’ (178)
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where the subscript d means the desired motion and

Chsema = Ca— 3 Jaidi g (179)

1=2

e With the desired joint motion of base limb, ¢; 4, the desired joint motions of all other limbs
can be obtained from the compatibility condition as follow:

Gia=J; (Zig+ XaJigrg), for i=2--- n. (180)

Force

Desired ZMP p? + - Actual ZMP p

zmp | Torque
V Calculation |
ZMP
7ZMP Control
- Kinematic d + . .
& +>/{/\ d > Resolution a jomnt | Humanoid
CoM \4‘/"' Method Robot
Planner CoM
d/dt Control
N
\6/ CoM
Desired CoM c¢ + - Actual CoM ¢ | Calculation Joint
Configuration
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13. Related Experimental Videos

Balancing, https://www.youtube.com/watch?v=t-G9A0oYDOVA/
Pushing-recovery, https://www.youtube.com/watch?v=HMsMXR_1cdY/
Pushing-recovery, https://www.youtube.com/watch?v=z0luptT4g2I/
Pushing-recovery, https://www.youtube.com/watch?v=8-1JfTICmT8/
Dancing, https://www.youtube.com/watch?v=BT{fXk_uipdc/

Walking, https://www.youtube.com/watch?v=v2ckoiD6gXY/
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