
7. (⌘î\ 8‡) ¡‹útâ, (state transition matrix) / ¡‹út)�›
a) Ÿ( (homogeneous) ¡‹ı⌅ )�›X t : ẋ = Ax
⌅X t| °0 q ⇠ (power series) �‹\ ��t Ùê

x(t) = c0 + c1t+ c2t
2 + · · ·+ ckt

k + · · ·

t| Ÿ( ¡‹ı⌅ )�›– �ÖXt

c1 + 2c2t+ · · ·+ kckt
k�1 + · · · = A[c0 + c1t+ c2t

2 + · · ·+ ckt
k + · · · ]

ë¿ ƒ⇠ DP| Xt

c1 = Ac0 2c2 = Ac1 3c3 = Ac2 kck = Ack�1

�0 pt x(0) = c0D �¿‡ t| ‰‹ �¨Xt

c0 = x(0) c1 = Ac0 = Ax(0) c2 =
1

2
Ac1 =

1

2
A2x(0) c3 =

1

3
Ac2 =

1

2⇥ 3
A3x(0) ck =

1

k!
Akx(0)

¯Ï¿\ q ⇠ �‹X t| â,¿⇠(matrix exponential) h⇠\ \⌅Xt

x(t) =


I + At+

1

2!
(At)2 + · · ·+

1

k!
(At)k + · · ·

�
x(0)

=

"
1X

k=0

1

k!
Aktk

#
x(0)

= eAtx(0)
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b) Laplace ¿X– X\ Ÿ( )�›X t : ẋ = Ax
Laplace ¿XXt

sX(s)� x(0) = AX(s) ! X(s) = [sI � A]�1x(0)

Lapalce Ì¿XXt

x(t) = L
�1[[sI � A]�1]x(0)

Ï0–⌧ 1
1�x = 1 + x+ x2 + · · ·D t©Xt

[sI � A]�1 =
1

s


I �

A

s

��1

=
1

s


I +

A

s
+

A2

s2
+ · · ·

�

=
I

s
+

A

s2
+

A2

s3
+ · · ·

L
�1

⇥
1
sn

⇤
= 1

(n�1)!t
n�1| t©Xt,

L
�1[[sI � A]�1] = I + At+

1

2!
A2t2 +

1

3!
A3t3 + · · ·

= eAt

¯Ï¿\

x(t) = eAtx(0)

130



c) â,¿⇠ (matrix exponential) h⇠X π’
– d

dte
At = AeAt = eAtA

– eA(t+s) = eAteAs

– eAtX Ìâ,@ e�At

– eAtî Dπt â, (m¡ Ìâ, t¨) (nonsingular)
– if AB = BA, then e(A+B)t = eAteBt

– if AB 6= BA, then e(A+B)t
6= eAteBt
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d) ¡‹út â, (state transition matrix) : ẋ = AxX t| ‰L¸ ⇡t hÙê

x(t) = �(t)x(0)

¯Ït ‰Lt 1Ωt| \‰.

�̇(t) = A�(t) with �(0) = I

¯Ï¿\ ∞¨î ‰LX �ƒ| L ⇠ à‰

�(t) = eAt = L
�1[[sI � A]�1] ��1(t) = e�At = �(�t)

t )�›X tî Ë⌧à �0ptD ¿X\ ÉÑ. t â, �(t)| “¡‹útâ,”t|‡ \‰.
e) ¡‹út â,X 1»

i. �(0) = I

ii. ��1(t) = �(�t)

iii. �(t1 + t2) = �(t1)�(t2) = �(t2)�(t1)

iv. [�(t)]n = �(nt)

v. �(t2 � t1)�(t1 � t0) = �(t2 � t0)
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f) (Example 1) ẋ = AxX ¡‹útâ, �(t)| ª¥|?

Ï0⌧ A =

"
0 1

�2 �3

#

(sI � A)�1 =

"
s �1

2 s+ 3

#�1

=
1

s(s+ 3) + 2

"
s+ 3 1

�2 s

#

=

"
(s+3)

(s+1)(s+2)
1

(s+1)(s+2)
�2

(s+1)(s+2)
s

(s+1)(s+2)

#

=

"
2

s+1 �
1

s+2
1

s+1 �
1

s+2
�2
s+1 +

2
s+2

�1
s+1 +

2
s+2

#

�(t) = L
�1[[sI � A]�1]

=

"
2e�t

� e�2t e�t
� e�2t

�2e�t + 2e�2t
�e�t + 2e�2t

#
for t � 0
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g) DŸ( (nonhomogeneous) ¡‹ı⌅ )�›X t :

ẋ = Ax+Bu ! ẋ� Ax = Bu

ë¿– e�At| ÒXt

e�At(ẋ� Ax) = e�AtBu !
d

dt
(e�Atx) = e�AtBu

t| 0–⌧ tL¿ �ÑXt

e�Atx(t)� x(0) =

Z t

0
e�A⌧Bu(⌧)d⌧

x(t) = eAtx(0) + eAt

Z t

0
e�A⌧Bu(⌧)d⌧

) x(t) = eAtx(0) +

Z t

0
eA(t�⌧)Bu(⌧)d⌧

¡‹útâ,D ¨©Xt

x(t) = �(t)x(0) +

Z t

0
�(t� ⌧)Bu(⌧)d⌧
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h) Laplace ¿Xï– X\ DŸ( ¡‹ı⌅ )�›X t : ẋ = Ax+Bu
Laplace ¿XD ËXt

sX(s)� x(0) = AX(s) + BU(s)

[sI � A]X(s) = x(0) +BU(s)

X(s) = [sI � A]�1x(0) + [sI � A]�1BU(s)

L[eAt] = (sI � A)�1 t¿\,

X(s) = L[eAt]x(0) + L[eAt]BU(s)

»¿… mt Ò<\ Laplace Ì¿XXt ¡π�Ñt ⇠¿\,

x(t) = eAtx(0) +

Z t

0
eA(t�⌧)Bu(⌧)d⌧

= �(t)x(0) +

Z t

0
�(t� ⌧)Bu(⌧)d⌧
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i) (Example 2) ẋ = Ax+BuX Ë⌅ƒË Ö%– �\ Qı?

Ï0⌧ A =

"
0 1

�2 �3

#
, B =

"
0

1

#
, x(0) =

"
0

0

#

<� (Example 1)–⌧ ª@ �(t) = eAt| \©Xê.

eAt = �(t) = L
�1[[sI � A]�1] =

"
2e�t

� e�2t e�t
� e�2t

�2e�t + 2e�2t
�e�t + 2e�2t

#
for t � 0

X¯\

x(t) = eAtx(0) +

Z t

0
eA(t�⌧)Bu(⌧)d⌧

=

"
2e�t

� e�2t e�t
� e�2t

�2e�t + 2e�2t
�e�t + 2e�2t

#"
0

0

#
+

Z t

0

"
2e�(t�⌧)

� e�2(t�⌧) e�(t�⌧)
� e�2(t�⌧)

�2e�(t�⌧) + 2e�2(t�⌧)
�e�(t�⌧) + 2e�2(t�⌧)

#"
0

1

#
1d⌧

=

Z t

0

"
e�(t�⌧)

� e�2(t�⌧)

�e�(t�⌧) + 2e�2(t�⌧)

#
d⌧

=

"
e�(t�⌧)

�
1
2e

�2(t�⌧)

�e�(t�⌧) + e�2(t�⌧)

#�����

t

0

=

"
1� 1

2 � e�t + 1
2e

�2t

�1 + 1 + e�t
� e�2t

#

=

"
1
2 � e�t + 1

2e
�2t

e�t
� e�2t

#
for t � 0
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