
• (7.4.2) Dynamic Response from the State Equations

1. Taking a LT of

ẋ = Ax+Bu

y = Cx+Du

we obtain

sX(s)� x(0) = AX(s) + BU(s)

(sI � A)X(s) = x(0) +BU(s)

Y (s) = CX(s) +DU(s)

Y (s) = C(sI � A)�1x(0) + C(sI � A)�1BU(s) +DU(s)

Assuming zero initial conditions (x(0) = 0) results in the TF of the system

G(s) =
Y (s)

U(s)
= C(sI � A)�1B +D

123



2. (Example 7.11) Find the TF of the following SS system

A =

"
�7 �12

1 0

#
B =

"
1

0

#
C =

h
1 2

i
D = 0

First

sI � A =

"
s+ 7 12

�1 s

#
(sI � A)�1 =

1

s2 + 7s+ 12

"
s �12

1 s+ 7

#

Second

G(s) = C(sI � A)�1B +D

=
1

s2 + 7s+ 12

h
1 2

i "s �12

1 s+ 7

#"
1

0

#
=

s+ 2

s2 + 7s+ 12
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3. π1)�›, ‡ X, ‡ °0
a) ¡‹ı⌅ )�›X ⌅Ïh⇠\X ¿X–⌧ π1)�›D >D ⇠ à‰.

ẋ = Ax+Bu y = Cx+Du

‹§\X ⌅Ïh⇠î

G(s) =
Y (s)

U(s)
= C[sI � A]�1B +D

Ìh⇠X �X| t©Xt

G(s) = C
[adj(sI � A)]

det(sI � A)
B +D =

1

det(sI � A)
(C[adj(sI � A)]B + det(sI � A)D)

Ï0⌧ [adj(sI �A)] 2 Rn⇥n and det(sI �A) 2 R. ¯Ï¿\ ⌅Ïh⇠X Ñ® mt π1)�›t
‰.

det(sI � A) = 0 : π1)�›

b) ‹§\ â, AX ‡ X (eigenvalue)@ ‡ °0 (eigenvector)

Api = �ipi (�iI � A)pi = 0

Ï0⌧ â, AX ià¯ ‡ X �i 2 Rt‡, ‡ °0î pi 2 Rnt‰. ‹§\ â,X ‡ X| >î
É@ π1)�›X ¸D >î É¸ ⇡‰.
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c) (Example) ‰L ‹§\X π1)�›, ˘, ‡ X, ‡ °0| >D|?

ẋ =

"
1 �1

0 �1

#
x+

"
1

1

#
u

– π1)�›: s2 � 1 = 0

det(sI � A) =

�����

"
s� 1 1

0 s+ 1

#����� = (s� 1)(s+ 1) = 0

– ‹§\ ˘, s1,2 = 1,�1

– ‡ X, �1 = 1 and �2 = �1

– ‡ °0 (�1I � A)p1 = 0 and (�2I � A)p2 = 0

(�1I � A)p1 = 0

"
0 1

0 2

#"
p11

p12

#
=

"
0

0

#
p11 = 1 (arbitrary) and p12 = 0

(�2I � A)p2 = 0

"
�2 1

0 0

#"
p21

p22

#
=

"
0

0

#
p21 = 1 and p22 = 2

) p1 =

"
1

0

#
p2 =

"
1

2

#

¨‰ p1, p2X 0⇠\ ⌧ °0î ®P ‡ °0�  ⇠ à‰. ‡ °0î �ı⌅(null space)
D U•Xî basis °0 ⌘ Xò| ><t ⌧‰. ‰‹ –t⌧ uniqueX¿ J‰.
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4. Poles and Zeros from SS representation
a) If the pole-zero cancellation does not happen, the poles s = pi can be found from the

following characteristic equation:

det(sI � A) = 0

b) We can also determine the transmission zeros s = zi from the zero polynomial:

det

"
sI � A �B

C D

#
= 0

c) Thus the TF can be found as an another form as follows:

G(s) =

det

"
sI � A �B

C D

#

det(sI � A)
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5. (Example 7.12) Find the zeros of the following system?

A =

"
�7 �12

1 0

#
B =

"
1

0

#
C =

h
1 2

i
D = 0

The transmission zeros are obtained from the following zero polynomial:

det

"
sI � A �B

C D

#
= det

2

664

s+ 7 12 �1

�1 s 0

1 2 0

3

775 = 2 + s = 0 ! s = �2(zero)

6. (Example 7.13)
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