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State-Space Design
• ¿�L¿ 0¥ ⌧¥0 $ƒ )ï: Root Locus, Frequency Response

• $ƒ¨ë - ¡�H�ƒ, �¡¡‹$(, ¸ƒQıπ1 (\�$Ñà∏, ¡π‹⌅, ¿‹⌅, �)‹⌅), ¸�
⇠Qıπ1 (ıƒ¸�⇠, ıƒ ∞¨, �ÌÌ, t›Ï , ⌅¡Ï ), �|¯0 ¸⇣ƒ (�x1), xÄ⌧p Ò

– ¸ƒQıπ1 (\�$Ñà∏, ¡π‹⌅, ¿‹⌅, �)‹⌅) - ÑÑ§Qı, ƒËQı, Ï< Qı Ò
– ¸�⇠Qıπ1 (ıƒ¸�⇠, ıƒ ∞¨, �ÌÌ, t›Ï , ⌅¡Ï ) - Nyquist, Bode, Nichols

• Third major method of designing feedback control systems: the STATE-SPACE method.
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1 Advantages of State-Space
• State-space control design is the technique in which the control engineer designs a dynamic com-

pensation by working directly with the state-variable description of the system.

• Ordinary differential equations (ODEs) of physical dynamic systems can be manipulated into
state-variable form.

• ⌅�⌧¥t` vs ‡⌅⌧¥t`

– ‡⌅ ⌧¥t` (transform method) -  �, ‹à¿, Ë|Ö%-Ë|ú% ‹§\–Ã �©. ¸\ ¸�
⇠�Ì ⌘¸)ï 9@ ¸§�ï<\ ⌧¥0 $ƒ

– ⌅� ⌧¥t` (state-space method) -  � or D �, ‹à¿ or ‹¿, ‰⇠Ö%-‰⇠ú% ‹§\–
ƒ �©. ¸\ ¡‹ı⌅ ⌘¸ï<\ ⌧¥0 $ƒ

• �X

– ¡‹ (state) - Ÿ� ‹§\X ¡‹î t = t0–⌧ ¿⇠| L‡, t � t0–⌧ Ö%D Lt, t � t0–⌧
‹§\X pŸD D⌅à ∞�` ⇠ àD L, t\ ¿⇠‰X \å —i

– ¡‹¿⇠ (state variable) - Ÿ� ‹§\X ¡‹| ∞�` ⇠ àî \å ⌧⇠X ¿⇠‰. ¡‹¿⇠î
<¨�<\ !� ⇠ àpò �! ⇠ àî ë| Dîî ∆‰.
state variables: position (potential energy), velocity (kinetic energy), capacity voltage (electric
energy), inductor current (magnetic energy), thermal temperature (thermal energy)

– ¡‹°0 (state vector) - ¸¥ƒ ‹§\X pŸD \⌅X0 ⌅t n⌧ ¡‹¿⇠� DîX‰t, n⌧
1ÑD °0\ ›�` ⇠ àîp, tÏ\ °0| ¡‹°0|‡ \‰.

• ¡‹ı⌅ )�› (state-space equation) - Ÿ� ‹§\D ®x¡` L, ¿⇠‰@ Ö%¿⇠, ú%¿⇠, ¡‹
¿⇠X 3ÖX\ l1⌧‰. ‹§\X ¡‹ı⌅ \⌅@ ÏÏ�¿ àD ⇠ à<ò, ¡‹¿⇠X ⌧⇠Ã@ |�
X‰. ‹§\X Ÿπ1D D⌅à �X` ⇠ àî ¡‹¿⇠X ⇠î ‹§\– Ïh⌧ �Ñ0X ⇠@ Ÿ|X‰.
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2 System Descriptions in State-Space
• The motion of any finite dynamic system can be expressed as a set of first-order ODEs.

• (Example 7.1) Consider Fig. 2.8 in the textbook with MD = 0, we have the attitude problem of
the satellite.

I ✓̈ = Fcd u = Fc y = ✓

Let us assign states as follows:

x1 = ✓ x2 = ✓̇

Take the time derivatives

ẋ1 = ✓̇ = x2 ẋ2 = ✓̈ =
d

I
u
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Let us obtain state-variable equation as the vector equation:

"
ẋ1

x2

#
=

"
0 1

0 0

#"
x1

x2

#
+

"
0
d
I

#
u

ẋ = Ax+Bu

and the output equation is

y =
h
1 0

i "x1
x2

#
+ 0 · u

y = Cx+Du

where the state vector is defined as

x =

"
x1

x2

#

and A is called a system matrix, B an input matrix, C an output matrix, and D a direct trans-
mission term.
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• (Example 7.2) Consider Figs. 2.1 and 2.2, the automotive cruise model is obtained as

mẍ = u� bẋ ! mẍ+ bẋ = u y = x

Let us assign states as follows:

x1 = x x2 = ẋ

Take the time derivatives

ẋ1 = ẋ = x2 ẋ2 = ẍ = �
b

m
ẋ+

1

m
u = �

b

m
x2 +

1

m
u

Let us obtain state-variable equation as the vector equation:

"
ẋ1

x2

#
=

"
0 1

0 �
b
m

#"
x1

x2

#
+

"
0
1
m

#
u y =

h
1 0

i "x1
x2

#
+ 0 · u

ẋ = Ax+Bu y = Cx+Du
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• (Example) Consider Fig. 2.26 in the textbook, the bridged tee circuit model is obtained as

v2 � vi
R1

+
v2

1/(C1s)
+

v2 � vo
R2

= 0
vo � vi
1/(C2s)

+
vo � v2
R2

= 0

If we take differential equation form, then we have

v2 � vi
R1

+ C1
dv2
dt

+
v2 � vo
R2

= 0 C2
d(vo � vi)

dt
+

vo � v2
R2

= 0

also if we assume that vC1 = v2 and vC2 = vi � vo, then the above can be rewritten as

dvC1

dt
= �

v2 � vi
C1R1

�
v2 � vo
C1R2

= �(
1

C1R1
+

1

C1R2
)vC1 +

vi
C1R1

+
vi � vC2

C1R2

= �(
1

C1R1
+

1

C1R2
)vC1 �

1

C1R2
vC2 + (

1

C1R1
+

1

C1R2
)vi

dvC2

dt
=

vo � v2
C2R2

=
vi � vC2 � vC1

C2R2
= �

1

C2R2
vC1 �

1

C2R2
vC2 +

1

C2R2
vi
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Let us assign states as follows:

x1 = vC1 x2 = vC2

Let us obtain state-variable equation as the vector equation:

"
ẋ1

ẋ2

#
=

"
1

C1R1
+ 1

C1R2
�

1
C1R2

�
1

C2R2
�

1
C2R2

#"
x1

x2

#
+

"
1

C1R1
+ 1

C1R2

1
C2R2

#
u

ẋ = Ax+Bu

and the output equation is

y =
h
0 �1

i "x1
x2

#
+ 1 · u

y = Cx+Du

• (Example 7.3)

• (Example 7.4)

• (Example 7.5)

• (Example 7.6)
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3 Block Diagrams and State-Space
• See Fig. 7.3 for the integrator as the central element.

• Integrator is constructed from an OP-Amp with a capacitor feedback and a resistor feed-forward
as shown in Fig. 2.29
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• (Example) Find a state-variable description and the transfer function of the system shown in the
following figure whose differential equation is

y(3) + 6ÿ + 11ẏ + 6y = 6u

From the figure, we know that

y = x3

ẋ3 = x2

ẋ2 = x1

ẋ1 = �6x1 � 11x2 � 6x3 + 6u

The state-space description becomes
2

664

ẋ1

ẋ2

ẋ3

3

775 =

2

664

�6 �11 �6

1 0 0

0 1 0

3

775

2

664

x1

x2

x3

3

775+

2

664

6

0

0

3

775 u y =
h
0 0 1

i
2

664

x1

x2

x3

3

775+ 0 · u
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The transfer function is

s3Y (s) + 6s2Y (s) + 11sY (s) + 6Y (s) = 6U(s) !
Y (s)

U(s)
=

6

s3 + 6s2 + 11s+ 6

• (Example 7.7)

109


