
3 The Nyquist Stability Criterion
The Nyquist stability criterion relates the open-loop frequency response to the number of closed-loop
poles of the system in the RHP.

3.1 The Argument Principle
A contour map of a complex function will encircle the origin Z � P times, where Z is the number of
zeros and P is the number of poles of the function inside the contour.
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• Consider TF H1(s) whose poles and zeros are indicated in the s-plane in Fig. (a). We wish to
evaluate H1 for values of s on the clockwise contour C1. We choose the test point so for evaluation.
The resulting complex quantity has the form H1(so) = ~v = |~v|ej↵ with the condition

↵ = ✓1 + ✓2 � �1 � �2

As s transverse C1 in clockwise direction starting at so, the angle ↵ of H1(s) in Fig. (b) will change,
but it will not undergo a net change of 360� as long as there are no poles and zeros within C1.

• Consider TF H2(s), whose pole-zero pattern is shown in Fig. (c). Note that it has a singularity
(pole) within C1. In this case, the angle �2 from pole within C1 undergoes a net change of �360�

after one full transverse of C1. Therefore, H2(s) encircles the origin in the counterclockwise direc-
tion, as shown in Fig. (d). On the contrary, if the H(s) has zero within C1, H(s) mapping encircles
the origin in clockwise direction.
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3.2 Application of the Argument Principle to Control Design
• Nyquist Ω\ C1: s …t ∞⇠t ⌅¥| |¸Xƒ] °@ Ω\, j! ï ⌅– ˘tò �⇣t à<t t‰ ¸⌅
\ ⇠–D 0| ¿ò�ƒ] ¯ºò¸ ‹ƒ)•<\ $�` ⇠ à‰. [¯ P¨–⌧î ‹ƒ)•<\ $�⇠¥
àL, ¿P¨–⌧î ⇠‹ƒ)•<\ $�⌧ Ω∞ƒ à<» ¸X]

• Nyquist  ƒî ˘å\ ƒ| Nyquist path C1D 0|⌧ mapping⌧ ⌅Ïh⇠ KG(j!)X closed path

– ¸�⇠ Qı KG(j!)X ˘å\  ƒî !� 0–⌧ 1\ ¿TXîp �XÏ KG(j!)X l0@ ⌅¡�D
˘å\ ¡– ¯∞ É

– ˘å\  ƒî ! : 0 ! 1<\ ¿h– 0| °0 |KG(j!)|\KG(j!)X §�t‰.
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• Nyquist H�ƒ ⇣ƒ: Ë⌅ ⌅Ïh⇠ KG(s)X ¸�⇠ Qı π1X �Ù\ Ä0 ¯ ‹§\X –Ë⌅‹§\
X �� ✏ ¡� H�ƒ| p¨` ⇠ àL. t H�ƒ ⇣ƒïD ¨©Xt π1)�›X ¸D lX¿ JDƒ
⇠î •⇣t àL.

– Nyquist H�ƒ ⇣ƒï@ Ë⌅ ⌅Ïh⇠ ¸�⇠Qı KG(j!)| s…tX $xΩ ⇠…t– t¨Xî
F (s) = 1 +KG(s)X �⇣¸ ˘X ⇠@ �(‹§î )ï

– –Ë⌅ ‹§\X H�ƒ t�D ⌅\ argument principle �©: Ω\� Nyquist Ω\|t, h⇠ F (s) =
1+KG(s)X $xΩ ⇠…t– t¨Xî �⇣X ⇠ Zî, F (s) = 1+KG(s)X ˘X ⇠ P–, t –· t
F (s) …tX –⇣D ‹ƒ)•<\ ⇣¯î ü⇠ ND T\ É¸ ⇡‰.

Z = P +N ! F (s) �⇣X ⇠ = F (s) ˘X ⇠+N

– Nyquist H�ƒ ⇣ƒï: Z = P +N �© 0�D –⇣ 0 + 0j–⌧ �1 + 0j\ ¿ΩXÏ t�

1. unstable closed-loop poleX ⇠ = unstable open-loop poleX ⇠+(-1+j0)D ‹ƒ )•<\ ⇣¸ ü⇠
2. P� 0 t D– Ω∞, ‹§\t H�t ¿0 ⌅t⌧î Z = 0, â N = �P� ⇠¥| \‰.
3. P = 0| Ω∞, ‹§\t H�t ¿0 ⌅t⌧î �1 + j0⇣D ⇣¯¿ JD| \‰.
4. G(j!) §�t �1 + j0⇣D µ¸Xt, π1)�›X ¸ ⇣î –Ë⌅X ˘t j!ï ¡– ⌅X\‰.
5. �1 + j0D ⇣¯¿ Jî‰: s…tX $xΩ ⇠…t–8 G(s)X ˘t t¨X¿ J<t H�X‰.
6. �1 + j0D ⇠‹ƒ )•<\ ⇣¸ å⌅⇠@ s…t $xΩ ⇠…t– t¨Xî G(s)X ˘X ⇠� ⇡
<t ‹§\@ H�X‰.

7. �1 + j0D ‹ƒ )•<\ \à 9@ \à t¡ ⇣¸‰: ‹§\@ àH�X‰.
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• Procedure for Determining Nyquist Stability

1. Obtain Nyquist plot KG(s)

2. Evaluate the number of clockwise encirclement of �1 + 0j, and call that number N . If the
encirclements are in the counterclockwise direction, N is negative

3. Determine the number of unstable poles of KG(s), and call that number P .
4. Calculate the number of unstable closed-loop poles Z:

Z = N + P

where it is noted that we hope to have Z = 0 for the stability.

• Nyquist Ω\– �QXî ⌅Ïh⇠X §�D ¯¨î )ïX 0¯ � (Nyquist  ƒ)

1. �Ñ ✏ ¯Ñ xê : 1
j! and j!

2. 1( xê : 1
1+j!T and 1 + j!T

3. 2( xê : 1

1+2⇣( j!
!n )�(

!
!n )

2 and 1 + 2⇣
⇣
j!
!n

⌘
�
⇣

!
!n

⌘2
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1. �Ñ ✏ ¯Ñ xê : 1
j! and j!

1

j!
= �j

1

!
=

1

!
\� 90� LX »⇠ï

– As ! : +0 ! +1: 1
j!î LX »⇠ï– ıQ⌧‰.

– As ! : +1 ! �1 with radius 1: 1
s ⇡

1
+1 = +0<\ ıQ⌧‰.

– As ! : �1 ! �0: 1
j!î ëX »⇠ï– ‰Q⌧‰.

– As s : �0 ! +0 with a radius ✏: 1
s ⇡

1
✏ = +1î ëX 4\� ⇠–<\ ıQ⌧‰.

j! = !\90� ëX »⇠ï

– As ! : +0 ! +1: j!î ëX »⇠ï– ‰Q⌧‰.
– As ! : +1 ! �1 with radius 1: s ⇡ +1
– As ! : �1 ! �0: j!î LX »⇠ï– ‰Q.
– As s : �0 ! +0 with a radius ✏: s ⇡ ✏ = +0
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2. 1( xê : 1
1+j!T and 1 + j!T

G(j!) =
1

1 + j!T
=

1p
1 + !2T 2

\� tan�1 !T (0.5, j0)| ⌘Ï<\ ⇠¿Ñt 0.5x ⇠–

– As ! : +0 ! +1: 1–⌧ ú⌧XÏ DòΩ<\ ⇠–D ¯¨‡ 0<\ ⌘¸
– As ! : +1 ! �1 with radius 1: –⇣
– As ! : �1 ! �0: 0–⌧ ú⌧XÏ ⌅Ω<\ ⇠–D ¯¨‡ 1\ ⌘¸
– As s : �0 ! +0 with a radius ✏: +1

G(j!) = 1 + j!T =
p

1 + !2T 2\ tan�1 !T (1, j0)D ¿òî »⇠ï¸ …â\ ¡ 

– As ! : +0 ! +1: (1, j0)D ¿ò‡ ëX »⇠ï– …âXå ÙQ⌧‰.
– As ! : +1 ! �1 with radius 1: 1 + sT ⇡ +1î ëX 4\� ⇠–<\ ıQ⌧‰.
– As ! : �1 ! �0: 1 + j!Tî (1, j0)D ¿ò‡ X LX »⇠ï– …âXå ÙQ⌧‰.
– As s : �0 ! +0 with a radius ✏: 1 + sT ⇡ +1
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[ùÖ] G(j!) = 1
1+j!Tt –t (D ùÖX|

For given

G(j!) =
1

1 + j!T
=

1

1 + !2T 2
� j

!T

1 + !2T 2
= X + jY

we have

(X � 0.5)2 + Y 2 =
0.25� 0.5!2T 2 + 0.25!4T 4

(1 + !2T 2)2
+

!2T 2

(1 + !2T 2)2

=
0.25 + 0.5!2T 2 + 0.25!4T 4

(1 + !2T 2)2

= 0.25

= 0.52

) (X � 0.5)2 + Y 2 = 0.52
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