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The Frequency-Response Design Method

1 Frequency Response
• A linear system’s response to sinusoidal inputs u(t) = A sin!ot · 1(t) or u(t) = A sin!ot for t � 0

• (Definition of frequency response) Consider a system described by

Y (s)

U(s)
= G(s) with U(s) =

A!o

s2 + !2
o

and G(s) = K
(s� z1) · · · (s� zm)

(s� p1)(s� p2) · · · (s� pn)

Assume G(s) has stable distinct simple poles, then we can apply partial fraction expansion

Y (s) = G(s)
A!o

s2 + !2
o

= K
(s� z1) · · · (s� zm)

(s� p1)(s� p2) · · · (s� pn)

A!o

s2 + !2
o

=
↵1

s� p1
+

↵2

s� p2
+ · · ·+ ↵n

s� pn
+

↵0

s+ j!o
+

↵⇤
0

s� j!o

y(t) = ↵1e
p1t + ↵2e

p2t + · · ·+ ↵ne
pnt + ↵0e

�j!ot + ↵⇤
0e

j!ot for t � 0
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where

↵0 = G(s)
A!o

s2 + !2
o

(s+ j!o)

����
s=�j!o

= G(s)
A!o

s� j!o

����
s=�j!o

= G(�j!o)
A

�2j
= Me�j� A

�2j

↵⇤
0 = G(s)

A!o

s2 + !2
o

(s� j!o)

����
s=j!o

= G(s)
A!o

s+ j!o

����
s=j!o

= G(j!o)
A

2j
= Mej�

A

2j

using G(j!o) = Mej� with M = |G(j!o)| and � = \G(j!o).

magnitude M = |G(j!o)| =
p

Re[G(j!o)]2 + Im[G(j!o)]2

phase � = \G(j!o) = tan�1 Im[G(j!o)]

Re[G(j!o)]

Since system is stable, the transient response will die out and the steady-state response becomes

yss(t) = ↵0e
�j!ot + ↵⇤

0e
j!ot

= AM
e�j�e�j!ot

�2j
+ AM

ej�ej!ot

2j

= AM
ej(!ot+�) � e�j(!ot+�)

2j

= AM sin(!ot+ �) for t � 0
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• (Example) ‹§\ G(s) = 1
s+1– ¨x� Ö% u(t) = sin!ot� x� LX �¡¡‹ ú% ?

M(!o) = |G(j!o)| =
1p

!2
o + 1

�(!o) = \G(j!o) = � tan�1 !o

) yss(t) =
1p

!2
o + 1

sin(!ot� tan�1 !o)

When !o = 10[rad/s], we have

) yss(t) =
1p
101

sin(10t� 84.3�)
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• (Example 6.1) For given capacitor system, if the voltage input v(t) = sin!ot is applied, then find
the current iss(t) at the steady-state?

1. Capacitor system

i = C
dv

dt
! I(s)

V (s)
= G(s) = Cs

2. Magnitude and Phase of the system

M = |G(j!o)| = |Cj!o| = C!o

� = \G(j!o) = \Cj!o = 90�

3. Thus we have the steady-state current as follows:

) iss(t) = M sin(!ot+ �) = C!o sin(!ot+ 90�)

4. Note that the magnitude is proportional to the input frequency !o while the phase is inde-
pendent of frequency !o.
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• How to determine the frequency response experimentally

(1) Excite the system with a sinusoid varying in frequency.
(2) The magnitude M(!) is obtained by measuring the ratio of the output sinusoid to input si-

nusoid in the steady-state at each frequency.
(3) The phase angle �(!) is the measured difference in phase between input and output signals.

• Specifications of frequency response

– Resonant peak (ıƒ  ∞¨ Mr) : |M(!)|X \�X, Mr@ ‹⌅�Ì–⌧ ƒËQıX \�$Ñà∏
– �Q. �ÄÑX ⌧¥‹§\–⌧ 1.1 < Mr < 1.5t å¡.

– Resonant frequency (ıƒ ¸�⇠ !r) : ıƒ ∞¨ Mrt |¥òî ¸�⇠

– Bandwidth (�ÌÌ !BW ) : |M(!)|X l0� ¸�⇠ 0|L ✓X 70.7% 9@ -3dB ®¥» LX ¸�
⇠, p �ÌÌ@ T `x ¡π‹⌅D X¯X‡, T í@ ¸�⇠ ‡8‰D }å µ¸‹¥.
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• \�� 2( ‹§\X ıƒ ∞¨ Mr, ıƒ¸�⇠ !r, �ÌÌ !BW

1. ⌅��x 2( ⌅Ï h⇠X l0:

G(s) =
!2
n

s2 + 2⇣!ns+ !2
n

G(j!) =
!2
n

�!2 + 2⇣!n!j + !2
n

! |G(j!)| = !2
nq

(!2
n � !2)2 + (2⇣!n!)

2

2. G(j!)� ¥§ ¸�⇠–⌧ \◆✓D �¿å ⇠t, t ¸�⇠| ıƒ¸�⇠| \‰.
tî g(!) ,

�
!2
n � !2

�2
+ (2⇣!n!)

2t \å�  L ›4‰.

@g(!)

d!
= 2

�
!2
n � !2

�
(�2!) + 2 (2⇣!n!) (2⇣!n)

= 4!3 � 4!2
n! + 8⇣2!2

n!

= 4!(!2 � !2
n + 2⇣2!2

n) = 0 ) !r = !n

p
1� 2⇣2 for 0  ⇣  0.707
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3. ıƒ¸�⇠–⌧X ıƒ  ∞¨ Mr@ ‰L¸ ⇡‰

) Mr = |G(j!r)| =
!2
nq

(!2
n � !2

r)
2 + (2⇣!n!r)

2
!r = !n

p
1� 2⇣2

=
!2
np

4!4
n⇣

4 + 4⇣2!4
n(1� 2⇣2)

=
1

2
p

⇣4 + ⇣2 � 2⇣4

=
1

2⇣
p
1� ⇣2

Ï0⌧ ⇣ > 0.707tt, Mr = 1 t‡, !r = 0 Ñ–  X. (8‡) ‹⌅�Ì–⌧ Ë⌅ƒË Ö%– �\
Qı–⌧X \� $Ñà∏ Mp@ ⇣‡‡ ƒŸ⇠ !d@ DP

Mp = e
� ⇣⇡p

1�⇣2 !d = !n

p
1� ⇣2

4. �ÌÌ !BWî |M(j!BW )| = 1p
2
⇡ 0.707 –⌧ ª¥–

|M(j!BW )| = !2
nq

(!2
n � !2

BW )2 + (2⇣!n!BW )2
=

1p
2

! !BW = !n

q
(1� 2⇣2) +

p
4⇣4 � 4⇣2 + 2

5. 2( ‹§\X ‹⌅�Ì Qı¸ ¸�⇠ �Ì π1 ¨t–î ‰LX �ƒ‰t 1Ω
– Mr@ ⇣–Ã Xt. ⇣� ù�Xt Mr@ ⇣å\‰. ‹⌅�Ì–⌧ \� $Ñà∏ Ì‹ ⇣–Ã Xt.
– ⇣ � 0.707 –⌧ Mr = 1t‡ !r = 0t‰. ‹⌅�Ì–⌧ ⇣ � 1–⌧î \�$Ñà∏� 0t‰.
– �ÌÌ@ !n– ¡⌘ D@. ‡�⌧ !n–⌧ �ÌÌ@ ⇣X ù�– 0| ⇣å\‰. �ÌÌ¸ ¡π‹⌅
@ ⌧\ ⇠D@\‰.
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