
10 ÄÑÑ⇠ ⌅⌧– X\ Ì|�|§ ¿X

• G(s)� Ë⌧ ˘(simple poles)ÃD �» L

G(s) =
Q(s)

P (s)
=

Q(s)

(s+ s1)(s+ s2) · · · (s+ sn)

where s1 6= s2 6= · · · 6= sn

G(s) =
Ks1

s+ s1
+

Ks2

s+ s2
+ · · ·+ Ksn

s+ sn

in which

Ks1 =


(s+ s1)

Q(s)

P (s)

�����
s=�s1

=
Q(�s1)

(s2 � s1)(s3 � s1) · · · (sn � s1)

• G(s)� ⌘¸(multiple-order poles)D �» L

G(s) =
Q(s)

P (s)
=

Q(s)

(s+ s1)(s+ s2) · · · (s+ sn�r)(s+ si)r

then G(s) can be expanded as

G(s) =
Ks1

s+ s1
+

Ks2

s+ s2
+ · · ·+

Ksn�r

s+ sn�r
+

A1

s+ si
+

A2

(s+ si)2
+ · · ·+ Ar

(s+ si)r
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where

Ar = [(s+ si)
r
G(s)]|

s=�si

Ar�1 =
d

ds
[(s+ si)

r
G(s)]

����
s=�si

Ar�2 =
1

2!

d
2

ds2
[(s+ si)

r
G(s)]

����
s=�si

...

A1 =
1

(r � 1)!

d
r�1

dsr�1
[(s+ si)

r
G(s)]

����
s=�si

• G(s)� Ë⌧ ıå˘ (simple complex-conjugate poles)D �» L, ‰L–⌧ ıå ˘D �ƒ‰t

s = �� + j! and s = �� � j!

Then

K1 = (s+ � � j!)G(s)|
s=��+j!

K2 = (s+ � + j!)G(s)|
s=���j!
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Thus we have

G(s) =
K1

s+ � � j!
+

K2

s+ � + j!

g(t) = L�1[G(s)] = K1e
��t+j!t +K2e

��t�j!t

= e
��t ⇥

K1e
j!t +K2e

�j!t⇤

⌅X ë¿X Ä8– 0|⌧ ‰LD t©X|

sin!t =
e
j!t � e

�j!t

2j
cos!t =

e
j!t + e

�j!t

2
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11  �¡¯Ñ)�›X |�|§ ¿X tï (‹à¿ ‹§\X t),

• �| ‰¥,

ẍ+ 3ẋ+ 2x = 0 with x(0) = a ẋ(0) = b

[s2X(s)� sx(0)� ẋ(0)] + 3[sX(s)� x(0)] + 2X(s) = 0

X(s) =
as+ 3a+ b

s2 + 3s+ 2

=
2a+ b

s+ 2
+
�a� b

s+ 1

) x(t) = (2a+ b)e�2t � (a+ b)e�t for t � 0

• 1( \� ‹§\ (First-order prototype system)

⌧
dy(t)

dt
+ y(t) = f(t)

Ï0⌧ ⌧î ‹§\X Qıçƒ| ò¿¥î ‹¡⇠ (time constant: measure of how fast the system
responds to initial conditions of external excitations)
Ë⌅ƒË Qı (f(t) = us(t), F (s) = 1

s
)

Y (s) =
1

⌧s+ 1

1

s
=

1

s
� ⌧

⌧s+ 1
=

1

s
� 1

s+ (1/⌧)

y(t) = 1� e
�t/⌧ for t � 0

– ‹�⇠ ⌧� ëD ⇠] ‹§\ Qı@ h|ƒ‰.
– t � 4⌧ , ‹§\X Qı@ \Ö✓X 2% ¥– à‰.
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– Qı‹⌅X ��\ …�0�<\î Qıt 2% t¥– ‰¥$îp x¨î ‹⌅ ⇣î 40X ‹�
⇠� t©⌧‰.

• 2( \�‹§\(Second-order prototype system)

d
2
y(t)

dt2
+ 2⇣!n

dy(t)

dt
+ !

2
n
y(t) = !

2
n
f(t)

Ï0⌧ ⇣î ⇣‡D(damping ratio), !nî ‡ ƒŸ⇠(natural frequency)
Äq⇣‡ (0 < ⇣ < 1)| L Ë⌅ƒË Qı (f(t) = us(t), F (s) = 1

s
)

Y (s) =
!
2
n

s2 + 2⇣!ns+ !2
n

1

s
=

1

s
� s+ 2⇣!n

(s+ ⇣!n)2 + !2
n
(1� ⇣2)

=
1

s
� (s+ ⇣!n)

(s+ ⇣!n)2 + !
2
d

� ⇣!n

(s+ ⇣!n)2 + !
2
d

y(t) = 1� e
�⇣!nt cos!dt�

⇣p
1� ⇣2

e
�⇣!nt sin!dt

= 1� 1p
1� ⇣2

e
�⇣!nt sin(!dt+ �) where � = tan�1

p
1� ⇣2

⇣

⇣‡‡ ƒŸ⇠ (damped natural frequency)î !d = !n

p
1� ⇣2Ñ–  X

– ¸ƒ¡‹X ƒŸ⇠î ⇣‡‡ ƒŸ⇠(!d)� ⇠p, ⇣‡D(⇣)– 0| ¿\‰.
– ⇣� ù�Xt !d = !n

p
1� ⇣2@ ⇣å\‰. ⇣ � 1tt ƒŸX¿ Jî‰.
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12  �‹§\X ÑÑ§ Qı¸ ⌅Ïh⇠

• ÑÑ§ Qı:
– ⌅Ïh⇠–⌧ Ö%t U(s)|L, ú% Y (s)î ıå�Ì–⌧X ⌅Ïh⇠@ Ö%X Ò<\ ò¿ú‰.
⇣\ tî ‹⌅�Ì–⌧î ¡π�Ñ<\ ò¿ú‰.

Y (s) = G(s)U(s) y(t) =

Z
t

0
g(t� ⌧)u(⌧)d⌧

– Ö%t ÑÑ§ h⇠ |L U(s) = 1, u(t) = �(t), ª¥¿î ú%D ÑÑ§ Qıh⇠|‡ \‰.

Y (s) = G(s) · 1 y(t) =

Z
t

0
g(t� ⌧)�(⌧)d⌧ =

Z
t

0
g(⌧)�(t� ⌧)d⌧

= G(s) = g(t)

– ÑÑ§ Qıh⇠ g(t)î �0ptt 0|L, Ë⌅ÑÑ§Ö%– �\  �‹§\ Qıt‰. t h⇠
| Laplace¿XXt ⌅Ïh⇠� ⌧‰.

L[ÑÑ§ Qıh⇠] =⌅Ïh⇠ L�1[⌅Ïh⇠] =ÑÑ§ Qıh⇠

– 2( \�‹§\– �\ Ë⌅ÑÑ§ Qı (Ö% f(t) = �(t), F (s) = 1)

Y (s) =
!
2
n

s2 + 2⇣!ns+ !2
n

= G(s)
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Äq⇣‡ (0 < ⇣ < 1)|‡ ��Xt,

Y (s) = G(s) =
!
2
n

(s+ ⇣!n)2 + !
2
d

! y(t) = g(t) =
!np
1� ⇣2

e
�⇣!nt sin(!dt)

• ⌅Ïh⇠ (transfer function) – �\ ¸� : G(s) = Output(s)
Input(s)

– ⌅Ïh⇠î  � ‹à¿‹§\–Ã �©⇠p, ®‡ �0ptt 0t|î ��X–⌧ ª¥ƒ‰
– ⌅Ïh⇠î ⇠Y� ®xX |Ö<\, Ö%¿⇠@ ú%¿⇠ ¨tX ¯Ñ)�›<\ ‰x ∞ �
‹\ \‹\ Ét‰

– ⌅Ïh⇠î ¯ ê¥X π1t0 L8– Ö%X 1»tò l0–î 4�X‰.
– ⌅Ïh⇠î ‹§\X <¨� lp– �\ �Ù| Ù‡ à¿î J‰. (<¨ ‹§\t ‰tT|ƒ
⌅Ïh⇠î ⇡D ⇠ à‰)

– ⌅Ïh⇠� ¸¥¿t ÏÏ�¿ Ö%– �\ ú%(Qı)D lXÏ ‹§\X 1»D tt` ⇠ à
‰.

– ⌅Ïh⇠| ®| Ω∞, ‰ÿ�<\ ¸¥ƒ Ö%– �\ ú%D lh<\⌧ ⌅Ïh⇠| l` ⇠ à
‰.

• Proper ⌅Ïh⇠
– strictly proper: ⌅Ïh⇠X Ñ® ‰m›X (⇠� ÑêX (⇠Ù‰ t L (n > m)
– proper: n � m

– improper: m > n

• π1)�›(characteristic equation): ⌅Ïh⇠X Ñ®‰m›D 0<\ ìD ª¥¿î )�›
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13  �⌧¥‹§\X H�ƒ

• ��H�ƒ(absolute stability) : ‹§\t H�\� àH�\�Xî ptÃD ⌧‹
• ¡�H�ƒ(relative stability) : ‹§\t ¥ê�ƒ H�\�| ⇣Ë
• ⌧¥‹§\X H�ƒî ‹§\X Qı<\ ⇣Ë` ⇠ à‰.
‹§\X Qı = �¡‹Qı(zero-state response) + �Ö%Qı(zero-input response)

– �¡‹Qı: Ö%Ã– X\ Qı<\ ‹§\X ®‡ �0pt@ �t‰
– �Ö%Qı: �0ptÃ– X\ Qı<\ t L ®‡ Ö%@ �t‰.
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14  \Ö%  \ú% (BIBO) H�ƒ

• �0ptt 0|L, Ã|  \\ Ö%– �t⌧ ú%t  \X‰t t| BIBOt|‡ \‰. (the sys-
tem is said to be “BIBO stable” or simply “stable”, if its output y(t) is bounded to a bounded
input u(t)). Dò@ ⇡@ |⇠�x ‹§\D ‡$t Ùê

y(t) =

Z 1

0
u(t� ⌧)g(⌧)d⌧

• ë¿– ��✓D ËXt

|y(t)| =
����
Z 1

0
u(t� ⌧)g(⌧)d⌧

����


Z 1

0
|u(t� ⌧)||g(⌧)|d⌧ if |u(t)| M

M

Z 1

0
|g(⌧)|d⌧ < N if it is BIBO stable

• ‹§\t BIBO H�X‰t, ‰L¸ ⇡@ ptt 1Ω\‰.

)
Z 1

0
|g(⌧)|d⌧  Q =

N

M
<1

(t�) ‹§\t BIBO H�X‰t, |g(⌧)| � ⌧ · Dò t�t  \XÏ| \‰.
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15 π1)�› ¸¸ H�ƒX �ƒ

• BIBO H�1D ⌅t⌧î π1)�›X ¸(⌅Ïh⇠X ˘)t s…tX ∞⇠ttò j!ï¡– ìt¿ J
D| \‰. �| ‰¥

G(s) = L[g(t)] =
Z 1

0
g(t)e�stdt

s = �–⌧ ˘(π1)�›X ¸)D �ƒ‰‡ tÙê

|G(�)| =1 
Z 1

0
|g(t)||e��t|dt

• Ã}– � > 0, ®‡ t– �t⌧ |e��t|  1 t¿\,

1 
Z 1

0
|g(t)|dt

∞⇠t– ˘D �¿t BIBO H�1D ⌅⇠\‰. â àH�X‰.
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16 �Ö%H�ƒ@ ⇣¸� H�ƒ

• �Ö%H�ƒ(zero-input stability): Ö%t 0t‡ ‹§\t $¡ �0ptÃ<\ lŸ L H�ƒ
• ⇣¸�H�ƒ(asymptotic stability): ‹⌅t 4\�\ ⌘¸h– 0| y(t)X l0� �– ⌘¸` L

• Dò@ ⇡@ ˘D �ƒ ‹§\D ‡$t Ùê

si = �i + j!i or si = �i � j!i

1. If �i < 0 for all i, i = 1, 2, · · · , n (all the roots are in the left-half s-plane), then the system
is said to be “asymptotic stable” or “stable”

2. If �i = 0 with no multiple-order roots on the j!-axis and no �i > 0, then the system is
said to be “marginally stable” or “marginally unstable”

3. If �i > 0 for any i, or �i = 0 for any multiple-order root, then the system is said to be
“unstable”
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17 H�ƒ ⇣ƒï : ¸D lX¿ J‡ H�ƒ| ⇣ƒXî ï

• Routh-Hurwitz ⇣ƒï
• Nyquist ⇣ƒï
• Bode  ƒ \©ï
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18 Routh H�ƒ ⇣ƒï : ‰m›D x⇠Ñt X¿ J‡, ıå…tX $xΩ ⇠…t– àî –Ë⌅X ˘X ⇠|
∞�` ⇠ à‰.

• ⇣ƒ �(
– π1)�›(sX ‰m›)D ‰L¸ ⇡t 0Ù\‰: a0s

n + a1s
n�1 + · · ·+ an�1s+ an = 0

– ®‡ ƒ⇠ (a0, a1, · · · , an�1, an)î ®P 0t D»‡ ⇡@ ëX Ä8t¥| \‰. (Dîpt)
– ‰LX ∞D ⇠âXÏ Routh tableD D1\‰.

s
n : a0 a2 a4 · · ·

s
n�1 : a1 a3 a5 · · ·

s
n�2 :

a1a2 � a0a3

a1
= b1

a1a4 � a0a5

a1
= b2 · · ·

s
n�3 :

b1a3 � a1b2

b1
= c1 · · ·

...

s
0 : a0

– ëX ‰⇠Ä| �ƒ ¸X /⇠î 0ÙX ⌧ 1ÙX Ä8¿T ü⇠@ Ÿ|X‰,
– ¯Ï¿\, ®‡ ¸t ıå…tX |Ω ⇠…t– àD Dî©Ñpt@ “®‡ ƒ⇠� ët‡, ⌧ 1
ÙX ®‡ m‰t ëX Ä8| �¿î É”t‰.

• π⇠\ Ω∞ (1) ¥§ âX ⌧ 1ÙX m@ 0t‡, ò8¿ m‰t 0t D»pò ∆<t, ¯ 0D ‰∞
ë@ ë⇠ ✏<\ XXX‡, 0ÙD ƒç ƒ∞\‰.
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�) s
3 + 2s2 + s+ 2 = 0

s
3 : 1 1

s
2 : 2 2

s
1 : 0(⇡ ✏)

s
0 : 2

t� ∞¸) \�X »⇠¸t (s = ±j) t¨\‰.
• π⇠\ Ω∞ (2) ¥§  ƒ⌧ âX ®‡ ƒ⇠� 0tt, ıå…t–⌧ l0� ⇡‡, )¨�<\ ⇠�
Ω– àî ¸t t¨hD \‹\‰. â l0� ⇡‡ Ä8� ‰x P ‰¸ 9@ P⌧X Ï@ ıå¸t
t¨hD X¯\‰.
tÏ\ Ω∞– 0ÙX ò8¿ ÄÑ@ ^ âX ƒ⇠| ¨©XÏ Ùp‰m›D Ã‰‡, t Ùp‰m›X
ƒh⇠X ƒ⇠\⌧ ‰L âD ¨©\‰.
�) s

5 + 2s4 + 24s3 + 48s2 � 25s� 50 = 0 (àH�)

s
5 : 1 24 � 25

s
4 : 2 48 � 50  P (s) = 2s4 + 48s2 � 50

s
3 : 0 0  P (s)

ds
= 8s3 + 96s

new s
3 : 8 96

s
2 : 24 � 50

s
1 : 112.7

s
0 : �50
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t� ∞¸) ⌧ 1ÙX Ä8� 1à ¿X¿\, ëX ‰⇠Ä| �î ¸t 1⌧ à‰. ⇣\ 4(X Ùp‰m
›X ¸t )¨�<\ 0X⇠¥| X¿\, 2⌧X ¸@ »⇠ï– à¥| Xp, ‰⇠ï– l0� ⇡‡
Ä8� ‰x ¸t à¥| \‰.
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