7 ek dolob & g5

1 243 (complex numbers)

o A 7T A (rectangular form) (x: ALE, y: |55, §=/—1)

Imaginary
A

xr=Rcosf and y = Rsinf

R =+/x%+ y? and 6 =tan! %
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A= ASR=]
2= Rcosf 4+ jRsinf

e (Z131) Taylor series expansions

_ 1 1 1 1 1 &
e’ +Fas+§x +3 +4x +ax
1 1 3 1 5

smx—ix—gx —i—5!
1 1y
cosx—l—ax +E:U —

o 227 FHA (Euler formula)

T=145 (39) 2,(19) 3!(3'9)3 4,(‘79)

1
_ - __2_'_3 — 4 '_5...
_1“1!9 ST TR TR T

_ 12 14 . 1 13 5

= cosf + jsinf

HO@.”

o X} T A (polar form) (R: 327], 0: YA

z=1x+ jy= Rcosf+ jRsinf = Re’’ = R/H
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o A2 A< (complex conjugate)
2= —jy=Rcosh — jRsind = Re 7’ =R/ —0

Note that

ZZ*:R2:$2+:U2
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2 E A (complex variables), 243+ (functions of complex variables)
o Bouu 4ol dole] A 5 & ASE 0,9} 4N w2 B

S1 = 01 +](JJ1

s-plane

§1 =01 +jo

o s — G(s) : @7} (one-to-one mapping) ©|A|¥
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jo 4

s-plane @,

j ImG 4

,,,,, .- G(s)-plane

afF---
Qv
/
=3
=
a
(o)

s  —  G(s;) but

G(s) =x0] 24 (s=0o0r s=—1)0F wjg =,

161
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3 A3 (analytic function)
W o 1 @40 BE g4 s MR of| JelolA EAelE, 1 g4E 1 o)A o4
St=o] 11 Sf|4 A (analytic)o|2tal St
G(s) = ﬁ is analytic except at the points s =0 and s = —1
G(s)

= s+ 2 is analytic at every point

)

L] S
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Eo|H1} = (singularities and poles of a function)

SOl 11 ot &2 11 o] ReterEo] AoEA] Eoke (EA5HA
Se b Qureel gee] Sol4.

2] Qo) of 4 G(s)7} s =

r=10]H, s =p;o| A2 =2 “Tr= = (simple pole)”o]=2tal it}
For example

10(s + 2)
s(s +1)(s +3)°

G(s) =

- s = =394 22} = (a pole of order 2)
- s=0 and s = —19 A4 @< = (simple poles)

162

: ojd — pi WA S0l T, Botol, Thee] 2
) G(s)|7F 00] obd gt g ZHAW o] 2 G(s)E s = pioll rate] F& 7}

oFe) sEH] A,

(i

O

]-i] th%pi [(8 -

Icha st

-



2] 93 (zeros of a function)
o Q] Aol 4 G(s)7h 5 = 2914 A HO] T, W lim, . [(s— 2) "G(s)]7}F 00] of
AR, Gl s = 2,004 rate) GAE ek g
e 39 % 5= 97 F 4

e For example

 10(s+2)
G = G192
- 47l19] Z(four poles) : s =0,—1,—-3,-3
- 47]9] 9A (four zeros) : s = —2 (finite) and s = 0o, 00, 0o (three infinite zeros)
10
g Gl) = 5 =0
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6 =x}3 Z A (polar representation)

e At s =2j, find the polar representation of the function?

1
G —
(5) s(s+1)
[solution]
1 1 1 | 1 o 1 - 4
G(2)) == — X — = —e It x et 2 .~ -i(GHtanT2)
@ =5m 710 "5 ¥ 211 2 /5 Wi

o (1) s = jwE AT 95l oA=& Fat4 S5 S (frequency response function, G(jw))
1.

By definition, if s = jw, G(jw) is the “frequency response function” of G(s), b/c w has a
unit of frequency.

2. thg0] 23 A|ARLE T1s) Bt

K
G p—
S PR
— 37| (the magnitude of G(jw))
K
R =G
Gl = ljw + pilljw + pa|
K

VRN
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- 94} (the phase angle of G(jw))

¢ =/G(jw) = LK — Z(jw—+p1) — Z(jw + p2)
— —tan ! w_ tan ! “
D1 D2

166



7 Laplace HHSHA]

- O
- AmlE HAgAS Ba :
- A& m|EHAGAS A EX] ¢Fil A AR A5E 5T 5 e o 7HE A
At
- 0|2 A2 & F o, sfe] A7y TSRS
¢ (Cauchy-Riemann x71) et JHoA HAgS G(s)9F IA S L7t S o,
of| A 54 & (analytic)o|2tal qtrt.

where AG = AG, + jAG, and As = Ao + jAw. A= H 20 Q3 Lok7) 5|45 HZ2 9
gt} Zolof shoz

sk

, AG,  AG, , AG,  AG,
lim + = lim +7

roso\ Ao T Ag jAw—0 \ jAwW JAw
G, N oG, B 0G, N %
do J do ow ow
oA, b 227
oG, 090G, oG, _(9Gx
do  Ow do  Ow

o] EHETHH, T4 ) = g8 AAHrt
2]9] 2% A& Cauchy-Riemann Z71o|gtal 5117, o] 2 A0] WELH g G(s)+= A4 ot

- BAgH A G(s)7} fAAS HE EAA (ordinary point) o]2kil it}
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w4

Euler A 2|2 HH

A= ASR=]

6> o
0089:1—§+Z—
, 6 @
81119:9—?%—5—

02 64 03 0
COS(9—|—jsm€:(1—§+Z—--->—|—](0—§+5—

(40)* | (40)°

e/ = cosf + jsind

e’ = cosf — jsinb

Ho A G(s)7} v A1 HS Eo]H (singular point) o|2}1l Sict,

..

e/l + =70 el? —

cosf) = ——— sinf =

16K
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8 Laplace Hgt A 9] 9! 4~HZ}HE (abscissa of convergence)

LIf(1) = F(s) = / " f()e

o 3t f(t)9] Laplace Eﬂ%‘r“% Laplace Z & o] ~&stH EAtt.

o f(1)7Ft > 09 RE FSH7 oA FLEA A< (piecewise continuous) ©]17, T 7} T2 H2
o f(t)7} A2 (exponentlal order) ©|™H Laplace A& 4~Hslct,

o t — oo, ot e (D)= 002 HIAT= GO A5 o7t EAISHE f(H)E A2t et
3t

o o e f(D)]S] SOl 0 > 0. BRollE 00& FISHA, 0 < 0. ol FRHE HIRIT, o]
AR 05 HEEERL JiT

o AutH OB LAY 5= BAFHIA 7P 92X 9)x|51 Zo] ALK gty

o A5t RTE e Zrlsts o YieiAE SEREE F= AL BErlssith o EE50] o, tel 9}
e 4= Laplace H3HA] o] ZAj517] L=

o o] t = 09| 7AW, A AR GOl t = 0 o]Holl= WAL et & S22 JHHET
A HAYSHA] =tk ol2et A|A"lS /¥t (causal)ol2tal Sttt

160



9 Laplace FAge] FQ°t A

. A5Es

clae )= [ " aectear— [T e - -
0 0
A

o
ny
|El
o
5

o0 —st
LIAt] = / Ate™*'dt = At (—e )
0 S
00 —st —st
0

S S

0]

2
0
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S+«

—e

—(a+s)t

NG
0 0

st
)ﬁ

@]

0



. =1 A
e sine 3

o0 00 Jwt _ —jwt A S| .
L[A sin wt] =/ Asinwte Sdt :/ AT C T sty :/ elw=s)t qr / N
0 0 2] 0 2] 0o 2]
> A A

= .A elw=sltl A elmdw=sltl - — R —— :
2j(jw — s) o 2j(—jw—s) o 24(s—jw)  2j(s+jw)
A 2jw
27 (5 — jw)(s + jw)
B Aw
824 w?

o °|E% [r =t —af and L[f(t)] = F(s)

Lift—a) 1(t—a)] = OOf(t —a)-1(t—a)-e*dt = /_OO F(r) - 1(r) - e+ dr

0

= [Ty = e [T gmear

=e “F(s)
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o f(H)S} et B

el eig ok 3

[A(1 — e 0%)
to—0 | tos

—Ase_t(’s]

Lle f(t)] = /0 N e f(t)e stdt = /O ) f(t)e trotqy

= F(s+ a)

22 Laplace HgH2o A s tj4lo] s + o HUste A
Lle " sinwt] = G 05;2 oy
Lle " coswt] = T 4(_50320:)_ 3

: [f (éﬂ B ooo / <£> ot = /OOO flt)e " adty
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e Laplace %{Z2] 5}gto] His}od

L. [f(t :/: f(t)e *dt
0+
)

(t)
e = | T e tat = Lo (o) + [ fear

0-

f&)7F t = 094 impulsed5 EESH Tt

Lof@)]# L 1f®)]

A= ASR=]

LIf'(t)] = sF(s) — f(0)
LIf"(t)] = s°F(s) — s£(0) — f'(0)
LIFM(6)] = s"F(s) = s"1f(0) = s" 2 f'(0) — -~ = f"71(0)
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AR ABT s = 0 H2o)4 sF(s)o] AET] BAZ Lekiich
i £[f'(¢)] = lim[sF(s) — £(0)

i [ | ra Stdt]—hm[sm 0]
/ f(t dt—hmsF (s) — f(0)]

o0) = lim sF(s)

s—0

lim L[f'(t)] = lim [sF(s) — f(0)]

§—00 S§—00

lim [ Std] lim [sF(s) — f(0")]
0+

S§—00 8—)00

0= lim [sF(s) — f(0")]

§—00

f(0T) = lim sF(s)

§—00
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.zJH;ngf ff )dt]i—o

_ U (t) j—/ooof(ﬂ (—%) dt
2| [roa| [
Lo 1)

FEEREE

c { /O t f(t)dt] _ %F(s)

clefo) = [ efege o = /f‘j
:__S/Of
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ol
ol
)
M
o
ﬁ

A= ASR=]

L] =~ (s
LI 7)) = 5 F(s)
LI (0] = (1) F(s)

A (convolution integral) A : [fi(t) * fo(t) = [ fi(t — T) foT)d7]

L) * fa(t)] = Fi(s) Fa(s)
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