
(Question 1: sign of qout) (Example 2.18, Modeling a Heat Exchanger)

• The steam in the chamber has two heat flows such as (1) heat flow into chamber from the inlet
steam +, (2) heat flow from steam to water �

qs � qsw = CsṪs ! wscvs(Tsi � Ts)�
Ts � Tw

R
= CsṪs

• The water in the chamber has two heat flows such as (1) heat flow into chamber from the inlet
water +, (2) heat flow from water to steam �

qw � qws = CwṪw ! wwcvw(Twi � Tw)�
Tw � Ts

R
= CwṪw
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(Question 2: Problem 2.13 related to realistic model of Op-Amp) Assume

Vout =
107

s+ 1
[v+ � v�] i+ = i� = 0

• (Ideal Model) we use v+ = v� and i+ = i� = 0

• (Realistic Model), at the node v�, by KCL, we have since v+ = 0 and i� = 0,

v� � Vin

Rin

+
v� � Vout

Rf

+ i� = 0 ! Vout =
Rin +Rf

Rin

v� � Rf

Rin

Vin = �Rin +Rf

Rin

s+ 1

107
Vout �

Rf

Rin

Vin


1 +

Rin +Rf

Rin

s+ 1

107

�
Vout = �Rf

Rin

Vin ! ) Vout =
�107Rf

(Rf +Rin)s+ (Rf + (107 + 1)Rin)
Vin

• Since 107 is too large, we can have the approximate model as follow:

Vout ⇡ �
✓
Rf

Rin

◆
Vin
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5 0¿:LD|`¥©
1. 0ƒ‹§\X ®x¡

a) —ƒ¥Ÿ (Translational Motion)
• —ƒ¥Ÿ@ �çƒ acceleration a, çƒ velocity v, ¯¨‡ ¿⌅ displacement y\ 0 ⌧‰.
a = dv

dt
= d

2
y

dt2

• t § ⌧2ïY (Newton’s 2nd law): �¥– ë©Xî òX i@ <¥X »…¸ Ÿ| )•X �
çƒX Ò¸ ⇡‰.

(sum of external forces)
X

i

fi = Ma (inertial force)

• —ƒ¥Ÿ¸ �(⌧ ‹§\ îå
– »…: —ƒ¥ŸX ¥Ÿ–�¿| �•Xî îå, ⌅0å\X xU4§@  ¨
–  �§⌅¡ (Linear spring): ⌅X –�¿| �•Xî îå

f(t) = Ky(t)

– »0% (Frictional forces): P ⌘ …t ¨t– ë©Xî D ��x ò. ¯ …tX p1, …
t ¨tX U%, ¯‰X ¡�çƒ Ò– 0| ‰tå ò¿ú‰.
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i. ⇣1»0(viscous friction): �tƒ ò¸ çƒ ¨t–  ��ƒ| �¿î ¿%

f(t) = B
dy(t)

dt

ii. �¿»0(static friction): ¿¡t0 ‹ë` L …<$î ¿%

f(t) = ±(Fs)|ẏ=0

iii. Ëq»0(Coulomb friction): çƒX ¿T– �t⌧ |�ƒÌD �¿p »0%X Ä8� ç
ƒ)•X ⇠�\ ⇠î ¿%

f(t) = Fc

dy(t)
dt���dy(t)
dt

���
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b) å⌅¥Ÿ (Rotational Motion)
• å⌅¥Ÿ@ ‡�ï– �\ ¥Ÿ<\ �X
• $|Ï ¥Ÿ)�› (Euler’s equations of motion): ‡�ï– �\ ®X∏ò †lX it ¯ ï–
�\ �1¸ ��çƒX Ò¸ ⇡‰

(sum of external torques)
X

i

Ti = J↵ (inertial torque)

where J is an inertia, ↵ = d!

dt
= d

2
✓

dt2
, ↵: angular acceleration, !: angular velocity, ✓: angular

displacement
• å⌅¥Ÿ– Ïh⇠î îå

– �1(Inertia): å⌅¥ŸX ¥Ÿ–�¿| �•Xî îå. �| ‰¥, –� §lX �1@ ‰
L¸ ⇡‰. (r §l ⇠¿Ñ)

J =
1

2
Mr

2

– D¿º §⌅¡(Torsional spring): Ë⌅ �¿⌅˘ †l� D¿º §⌅¡ ¡⇠. Ù�|t∏§|
X¯

T (t) = K✓(t)

– »0 (Frictional torques)
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i. ⇣1»0(viscous friction)

T (t) = B
d✓(t)

dt

ii. �¿»0(static friction)

T (t) = ±(Fs)|✓̇=0

iii. Ëq»0(Coulomb friction)

T (t) = Fc

d✓(t)
dt���d✓(t)
dt

���

c) —ƒ¥Ÿ¸ å⌅¥Ÿ ¨tX ¿X
• For lead screw, rack and pinion, and belt and pulley

• ¨‹§lXX Ω∞, ¨‹(Lead)î §lX 1å⌅˘ —ƒ¥ŸXî p¨
• ô/<»∏ ✏ ®∏/®∏X Ω∞, <»∏ ✏ Ä¨ 1å⌅˘ —ƒp¨î 2⇡r t‰.
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d) X(Ù (Gear Trains)
• X(X �1D 4‹\‰t,

i. X(\t ⌅– àî XX ⇠î ¯ X(X ⇠¿Ñ r1 and r2– D@

r1N2 = r2N1

ii. � X(X X�– 0| tŸ\ p¨î Ÿ|

✓1r1 = ✓2r2

iii. ê‰t ∆‰‡ ��Xt, \ X(� \ |@ ‰x X(� \ |¸ Ÿ|

T1✓1 = T2✓2

iv. �¨Xt

) T1

T2
=

✓2

✓1
=

N1

N2
=

!2

!1
=

r1

r2
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• X(X �1 ✏ »0D 4‹X¿ J<t,

T2 = J2✓̈2 +B2✓̇2 + Fc2
!2

|!2|
T = J1✓̈1 +B1✓̇1 + Fc1

!1

|!1|
+ T1

i. X( ¨tX 0lY� �ƒ| t©Xt,

T1 =
N1

N2
T2 =

✓
N1

N2

◆2

J2✓̈1 +

✓
N1

N2

◆2

B2✓̇1 +

✓
N1

N2

◆
Fc2

!2

|!2|

ii. Ò��<\ ✓1D t©XÏ \⌅Xt,

T = J1e✓̈1 +B1e✓̇1 + T1F

where

J1e = J1 +

✓
N1

N2

◆2

J2 B1e = B1 +

✓
N1

N2

◆2

B2 T1F = Fc1
!1

|!1|
+

✓
N1

N2

◆
Fc2

!2

|!2|
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iii. ‰x \∏<\, ✓2D t©XÏ \⌅Xt

T = J2e✓̈2 +B2e✓̇2 + T2F

where

J2e = J2 +

✓
N2

N1

◆2

J1 B2e = B2 +

✓
N2

N1

◆2

B1 T2F = Fc2
!2

|!2|
+

✓
N2

N1

◆
Fc1

!1

|!1|

e) 1òl(Backlash) and p‹t(Dead Zone)
• ∞it D⌅X¿ JD L ¸\ ò¿ú‰.

• 1òlî –X¿ Jî Ä�U1, ƒŸ, àH�1D �8$0ƒ \‰.
• 1òlX l0î b

2t‡, tL ú%Ë– ¿¡Ñt ∆0 p‹t (dead zone) t|‡ƒ Äx‰.
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2. ⌅Ë\ ⌅0å\›– �\ ®x¡

a) ⇠Ÿ ⌅0åêX ®x¡ (Modeling of Passive Electrical Elements): �m(Resistor), xU0(Induc-
tor), ‰(‹0(Capacitor)

eR(t) = Ri(t) eL(t) = L
di(t)

dt
ec(t) =

1

C

Z
i(t)dt

b) ⌅0å\›X ®x¡
• ⌅XïY(Kirchhoff ’s current law, or node method): ¥ê x‹– ‰¥$î ⌅XX i@ �
• ⌘UïY(Kirchhoff ’s voltage law, or loop method): ¥ê –Ë⌅| 0| ®‡ ⌅U�XX i@
�
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3. •Ÿ ⌅0åêX ®x¡

a) OP‡⌅î ç‹⌅ ‹§\D l⌅` L ¨©⌧‰. â D†\¯ ⌧¥0| l⌅` L ¨© ⇠ à‰.
b) t¡� OP-p⌅ (Ideal OP-Amp), �∞0@ ⇣∞0 (Sums and Differences)

• +Ëê@ -Ëê ¨tX ⌅U(î 0t‰. e
+ = e

�.
• +Ëê@ -Ëê\ Ö%⇠î ⌅Xî 0t‰. â Ö% Ñ<X§î 4\�t‰.
• ú%Ëê–⌧ Ùî Ñ<X§î 0t‰. â ú%@ t¡�x ⌅U–(voltage source)t‰.
• Ö%-ú% �ƒî eo = A(e+ � e

�)t‰. t› Aî pX 4\�t‰.
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c) 1( OP-p⌅å\ (1st-order OP-Amp Configurations)
• �∞0 ✏ ⇣∞0 x–ƒ op-p⌅î ⌧Y\ ⌅Ïh⇠| l⌅` ⇠ à‰. ‰LX ⇠⌅ ùÌ0| ‡
$t Ùê

G(s) =
Eo(s)

Ei(s)
= �Z2(s)

Z1(s)
= �Y1(s)

Y2(s)

where Y1(s) =
1

Z1(s)
and Y2(s) =

1
Z2(s)

are “admittance” associated with the circuit impedances
• Ñ<X§î ¸\ �m ✏ ê(‹0\ l⌅⌧‰. xU0î Ä<� ‰¿‡ �©t D¯‰.
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4. ⌧¥‹§\X ⇣¿0@ Ä80

a) ⌅⌅(ƒ(Potentiometers)
• 0ƒ� –�¿| ⌅0� –�¿\ ¿XXî ⌅00ƒ� ¿X0
• å⌅�¸  � ⌅⌅(ƒ (Rotary and Linear potentiometers)

• N-4 ⌅⌅(ƒ–⌧î ú%⌅Ut å⌅ïX ¿⌅– D@

e(t) = Ks✓c(t)
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⌅¥ å⌅¿⌅î 2⇡N |Ht‡ D@¡⇠î ‰L¸ ⇡‰.

Ks =
E

2⇡N
[V/rad]

• ú%⌅Ut P ⌅⌅(ƒX �¿Ëê–⌧ ËXî Ω∞ƒ àL.

e(t) = Ks[✓1(t)� ✓2(t)]

b) å⌅çƒƒ(Tachometers)
• å⌅çƒ– D@Xî ú%⌅UD ›∞

• ⌅X⌧¥‹§\– à¥⌧, ⇣Q®¸| x�X0 ⌅XÏ ¨©X0ƒ h.
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• å⌅çƒƒ ®x¡ (The dynamics of tachometer)

et(t) = Kt

d✓(t)

dt
= Kt!(t)

Ï0⌧ Ktî å⌅çƒƒ¡⇠ (tachometer constant) [volt/(rad/s)]
c) ùÑÄ80, xl¨X» ‘TT (Incremental Encoder)

• ¡ ⇣î å⌅¿⌅| ¿8 Ä8 9@ Ñ§‡8\ ¿XXî •X

• �ËÄ80(absolute encoders)î ⌅X– 0x ¿8 ‡8| ›∞
• ùÑÄ80 (Incremental encoders)î ù�…D Ã|X Ñ§ ‡8| ›∞

– ⌅��x å⌅� ùÑ Ä80(rotary incremental encoder)î 4�¿ l1îå
i. �¿–⇣(stationary mask)@ ⌘–¸ »§l §– ⌅X\ ⌘<⌧ ¨t–⌧ å⌅–⇣X å
⌅– 0| [D µ¸‹§pò (ËXî p ¨©.
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ii. <⌧–⌧ ⇣¿⇠î ⌘…X ��@ º��tpò �⌅� �¡t‰.
iii. t⌘D⇣Ä80î å⌅)• ⇣¿` ⇠ àL. ⇣\ P ú% Ñ§ÙX ⌅¡t ⌅0�<\ 90
ƒ å¥8 à‰. t| µt ‰L¸ ⇡@ Ñ§ÙD ªD ⇠ à‰. AB = 11-10-00-01 or 11-
01-00-10
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5. ⌧¥‹§\–⌧X dc ®0

a) dc®0X Ÿë –¨ (Basic Operational Principles of DC Motors)
• dc ®0î ⌅0 –�¿| 0ƒ –�¿\ ¿TXî †l ¿X0
• ®0 å⌅ï–⌧ ›1⇠î †lî ê�– X\ êçX l0¸ êç– x– àî ⌅XX 80– D
@\‰.

Tm = Km�ia

where Km is a proportional constant
• ƒ¥� êç–⌧ ¿¡tt, ƒ¥X ëË– ⌅Ut  ƒ⇠¥ ⌅0�x »0ò¸ ëŸXî t| Ì
0⌅%t| \‰. t Ì0⌅%X l0î å⌅êX å⌅çƒ– D@\‰.

eb = Km�!m

b) �lê�� dc ®0X 0¯ ÑX (Basic Classifications of PM DC Motors)
• dc ®0X êç@ �lê�tò êƒå – Xt ›1
• dc ®0X ÖX

i. Iron-Core PM DC Motors
ii. Surface-Wound DC Motors

iii. Moving-Coil DC Motors
iv. Brushless DC Motors

c) �lê�� dc ®0X ®x¡ (Mathematical Modeling of PM DC Motors)
• ⌅0êî xU4§– ¡,\ ∞⇠¥ àî �m ✏ å⌅ê� å⌅` L ⌅0ê–⌧ ›1⇠î Ì
0⌅%D ò¿¥î ⌅U–<\ tË¥ƒ å\\ ®x¡
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• �lê�– X\ êç(�)@ |�X¿\, ®0– Xt ›1⇠î å⌅%@ ‰L¸ ⇡L.

Tm(t) = Kiia(t)

Ï0⌧ Ki = Km�î ®0 †l¡⇠(torque constant) t‰
• Ë⌅ ïYD �©Xt

ea = Raia + La

dia

dt
+ eb

Ï0⌧ Ì0⌅%@(back emf)î ev = Kb!mt‡, Kbî Ì0⌅%¡⇠(back emf constant, Kb =
Km�)t‰.
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• å⌅¥Ÿ– �\ $|Ï ¥ŸïY (Euler’s rotational equation of motion)

Jm✓̈m = �Bm✓̇m + Tm � TL

Ï0⌧ TL@ Ëq»0¸ ⇡@ xÄ ÄX»0†lt‰.

• ∞`�<\ ⌧¥Ö%⌅U¸ ®0X ú% å⌅¿⌅ ¨tX �ƒ (⌅Ïh⇠)

⇥m(s)

Ea(s)
=

Ki

LaJms
3 + (RaJm +BmLa)s2 + (KbKi +RaBm)s

when TL(s) = 0

– Ã}– Ö%⌅U (ea(t))t ¡⇠tt, ú%@ |�\ çƒ– ‰‰x‰.
– Ì0⌅%@ ⌅0�x »0®¸(electric friction)| �8@⌧ ®0X H�ƒ(stability)| •¡
‹§î p 0Ï\‰.

d) ®0†l¡⇠@ Ì0⌅%¡⇠ ¨tX �ƒ (Relation b/w Ki and Kb)
• ⌅0� |`¸ 0ƒ� |` (power)

P = eb(t)ia(t) and P = Tm(t)!m(t)
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⌅0�x |`t ®P 0ƒ� |`\ ¿X⌧‰t

P = Tm!m = (Kb!m)

✓
Tm

Ki

◆
! Kb

Ki

= 1

ë ¡⇠î ⇡‰.

) Kb = Ki
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6.  ¨1

a) »… ✏ �1®X∏î xU4§@  ¨
b) §⌅¡¡⇠î ‰(‹4§X Ì⇠@  ¨
c) ⇣1»0ƒ⇠î �m¸  ¨
d) ¿⌅î ⌅X…¸  ¨, çƒî ⌅X@  ¨, ò(†l)î ⌅U–¸  ¨ (m¡ ¯ É@ Dÿ!)

• t∞4 ⌧2ïY �©

Mÿ = f �Ky � Bẏ ) Mÿ +Bẏ +Ky = f

• ¡¨ �© ✏ i = dq

dt

Lq̈ = e� 1

C
q �Rq̇ ) L

di

dt
= e� 1

C

Z
idt�Ri ) L

di

dt
+Ri+

1

C

Z
idt = e
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