
7 0¿:LD|`¥©
1 ⌧`

1. ¸§�ïtÄ? π1)�›X ¸D ‹§\ ‰⌧¿⇠ ✓X ¿T– 0| ¯∞ Ét‰. πƒ\ $Öt ∆î
\ Ë⌅ ⌅Ïh⇠X $��•\ ⌧¥ t›D 0–⌧ 1L¿ ¿Xî ‰⌧¿⇠|‡ ��\‰. (Ùµ ëX
K � 0– �t⌧Ã ‰Ï‰)

2. ¸§�ï@ t›D ‰⌧¿⇠\ XÏ Ë⌅ ⌅Ïh⇠X ˘tò �⇣<\ Ä0 –Ë⌅ ˘D l` ⇠ àå
\‰.

3. ¸§�ïX 8⌧î π1)�›–⌧ π�\ ‰⌧¿⇠| Ë| t| ⌘Ï<\ ‰‹ ë1X‡, t| ¨©
XÏ π�\ ‰⌧¿⇠X ¿T– 0| π1)�›X ¸t ¥ªå ¿¡tî¿ ƒt�<\ Ñ�\‰. �
| ‰¥,

1 +G(s)H(s) = 0 ) 1 +KG1(s)H1(s) = 0

where G1(s)H1(s) does not contain the variable parameter K,
4. ¸§�ï–î ¨©Xî ‰⌧¿⇠X ⌧⇠– 0|

• Root Loci (RL) : 1⌧ ‰⌧¿⇠� 0  K < 1 ¿T` LX ¸ §�

• Root Contours (RC) : \ ⌧ t¡X ‰⌧¿⇠� ¿` LX ¸§�
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2 ¸§�X 0¯1»

1. ⌅��x –Ë⌅ ⌧¥‹§\D ‡$t Ùê

Y (s)

R(s)
=

G(s)

1 +G(s)H(s)

2. ⌅ ⌅Ïh⇠X π1)�› 1 + G(s)H(s)t ‰⇠X ‰⌧¿⇠ K| ÒX �‹\ �¿‡ à‰‡ ��t
Ùê.

1 +G(s)H(s) = 0 ) 1 +KG1(s)H1(s) = 0

where G1(s)H1(s) does not contain the variable parameter K, �| ‰¥,

1 +G(s)H(s) = 1 +
s
2 + (3 + 2K)s+ 5

s(s+ 1)(s+ 2)
= 0 ) 1 +K

2s

s3 + 4s2 + 5s+ 5
= 1 +KG1(s)H1(s) = 0

3. ıå�Ì–⌧ π1)�›X ¸t ⇠0 ⌅\ �ƒ ✏ l0 pt  ƒ :

1 +G(s)H(s) = 0 ! 1 +KG1(s)H1(s) = 0 ! G1(s)H1(s) = � 1

K

4. |⇠�x l0 pt ✏ �ƒ pt@ ‰LX |⇠�x Ë⌅ ⌅Ïh⇠\ Ä0 ‰L¸ ⇡t ªD ⇠ à‰.

KG1(s)H1(s) = K
(s+ z1) · · · (s+ zm)

(s+ p1) · · · (s+ pn)
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ıå�Ì¡X \⇣ s1t ¸t ⇠0 ⌅\ l0 pt¸ �ƒ pt:

|G1(s1)H1(s1)| =
⇧m

k=1|s1 + zk|
⇧n

j=1|s1 + pj|
=

1

|K| for 0  K < 1

\G1(s1)H1(s1) =
mX

k=1

\(s1 + zk)�
nX

j=1

\(s1 + pj) = (2i+ 1)⇡ for K � 0

5. �⌧

G1(s)H1(s) = K
(s+ z1)

s(s+ p2)(s+ p3)

• l0 pt

|K| = |s1||s1 + p2||s1 + p3|
|s1 + z1|

=
BCD

A
for 0  K < 1

• �ƒ pt for K � 0

\(s1 + z1)� \s1 � \(s1 + p2)� \(s1 + p3) = ✓z1 � ✓p1 � ✓p2 � ✓p3 = (2i+ 1)⇡
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3 ¸§� ëƒï (K � 0– �t⌧Ã)

1. ıå…t– G1(s)H1(s)X ˘¸ �⇣D \‹\‰. –Ë⌅X ¸§� �¿‰@ Ë⌅⌅Ïh⇠X ˘–⌧
‹ëXÏ Ë⌅⌅Ïh⇠X �⇣–⌧ ]ú‰.

1 +KG1(s)H1(s) = 1 +K
(s+ z1)(s+ z2) · · · (s+ zm)

(s+ p1)(s+ p2) · · · (s+ pn)
= 0

2. ‰⇠ï ¡X ¸§�D ∞�\‰: Ã} ‹ÿ⇣(s)X $xΩ– àî ‰⇠ ˘¸ ‰⇠ �⇣X ⌅¥ ⌧⇠�
@⇠ tt, t ⇣@ ¸§� ¡X ⇣t ⌧‰.

3. ¸§� �¿‰X ⇣¸ D l\‰

⇣¸ X �ƒ =
±180�(2k + 1)

n�m

⇣¸ ¸ ‰⇠ï¸X P⇣X å\: �a = �(p1 + p2 + · · ·+ pn)� (z1 + z2 + · · ·+ zm)

n�m

=

P
(˘X i)�

P
(�⇣X i)

n�m

4. t»⇣¸ ı¿⇣D l\‰: dK

ds
= 0D ÃqXî ⇣‰ ⌘, K > 0 |L ı¿⇣tò t»⇣t‰.
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5. ˘¸ �⇣–⌧ ¸§�X ú⌧�ƒ@ ƒ)�ƒ| ∞�\‰.

ıå˘X ú⌧�ƒ =
X

(�⇣–⌧ ‡$⌘x ıå˘L¿ °0 �X i)

�
X

(‰x ˘–⌧ ‡$⌘x ıå˘L¿ °0 �X i)

� 180�

ıå�⇣X ƒ)�ƒ =
X

(˘–⌧ ‡$⌘x ıå�⇣L¿ °0 �X i)

�
X

(‰x �⇣–⌧ ‡$⌘x ıå�⇣L¿ °0 �X i)

+ 180�

6. ¸§�¸ »⇠ïX P⇣D l\‰.
• Routh ⇣ƒï<\ |‰
• s = j!| �ÖX‡ ‰⇠Ä@ »⇠Ä| 0<\ T ‰L !@ K| |‰

7. ¸§�D ¯∞‰.
8. ¸§� �¿¡– –Ë⌅X ˘D ⌅X‹§‡, t˘⇠î t›✓ K| l0ptD ¨©XÏ l\‰

9. �⌧

1 +G(s)H(s) = 1 +
K

s(s+ 1)(s+ 2)
= 0

a) Ë⌅⌅Ïh⇠ ˘: 0, -1, -2 ) Ë⌅⌅Ïh⇠ �⇣: 1,1,1
b) ‰⇠ï ¡X ¸§�: 0¸ -1 ¨t, -2Ù‰ ë@ ‰⇠ï@ ¸ §�t‰.
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c) ¸§� �¿‰X ⇣¸ :

⇣¸ X �ƒ =
±180�(2k + 1)

3
= ±60�, 180�

⇣¸ ¸ ‰⇠ï¸X P⇣X å\: �a =
(0� 1� 2)� 0

3
= �1

d) t»⇣¸ ı¿⇣D l\‰:

K = �s
3 � 3s2 � 2s

dK

ds
= �3s2 � 6s� 2 = �(s+ 0.423)(s+ 1.577) = 0

s = �0.423@ ¸§�¡X ✓t‡, 2⌧X ˘ ¨t– t¨X¿\ t»⇣t‰.
e) ıå˘t ∆<¿\, ú⌧�, ƒ)�| 0» Dî� ∆L.
f) ¸§�¸ »⇠ïX P⇣: s

3 + 3s2 + 2s+K = 0

s
3 : 1 2

s
2 : 3 K

s
1 :

6�K

3

s
0 : K

0 < K < 6–⌧Ã H�X‡, K = 6|L »⇠ï (s2X Ùp)�›x 3s2 +K = 3s2 + 6 = 0 ! s =
±
p
2j)¸ Ãú‰.

g) ¸§�D ¯∞‰.
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4 ¸§� ëƒ– à¥⌧ ⌘î\ ⇣

1. Ë⌅ ⌅Ïh⇠ G(s)H(s)– ˘D î�Xt ¸§�D ⌅¥�<\ ∞⇠t<\ tŸ‹®‰.

(a) G(s)H(s) =
K

s(s+ a)
a > 0

(b) G(s)H(s) =
K

s(s+ a)(s+ b)
b > a > 0

(c) G(s)H(s) =
K

s(s+ a)(s+ b)(s+ c)
c > b > a > 0
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2. Ë⌅ ⌅Ïh⇠ G(s)H(s)– �⇣D î�Xt ¸§�D ⌅¥�<\ å⇠t<\ tŸ‹®‰.

(a) G(s)H(s) =
K(s+ b)

s(s+ a)
a > 0

(b) G(s)H(s) =
K(s+ b+ j!o)(s+ b� j!o)

s(s+ a)
b > a > 0

(c) G(s)H(s) =
K(s+ c)

s(s+ a)(s+ b)
c > b > a > 0
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5 ¸ X,¥ (root contour) : ‰⌘ �|¯0X ¿T

1. ¸ X,¥| ¯¨0 ⌅XÏ, <� ‰L¸ ⇡@ 2⌧X ‰⌧¿⇠| �î π1)�›D ‡$t Ùê

P (s) +K1Q1(s) +K2Q2(s) = 0

where K1 and K2 are the variable parameters
2. ´à¯ Ëƒ\ K2 = 0<\ ��X‡, K1X ¿T– 0x ¸§�D ¯∞‰.

P (s) +K1Q1(s) = 0 ! 1 +K1
Q1(s)

P (s)
= 0 ! 1 +K1G1(s)H1(s) = 0

3. Pà¯ Ëƒ\, K1D ¡⇠\ $�X‡, K2| ‰⌧¿⇠\ $�XÏ ¸ §�D gôx‰.

1 +K2
Q2(s)

P (s) +K1Q1(s)
= 0 ) 1 +K2G2(s)H2(s) = 0

4. �⌧

s
3 +K2s

2 +K1s+K1 = 0

(a) K2 = 0 ! G1(s)H1(s) =
s+ 1

s3

(b) K2 varies and K1 is a constant G2(s)H2(s) =
s
2

s3 +K1s+K1
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\Y0ŸH⇠‡Œ<hµ»‰. 2Y0–⇧‹‰.
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