
19 ] ƒ

• ] ƒ ®x¡@ ‹§\X l1îå‰X pi¸ ∞i– �\ tt| ’‡, ⌅Ïh⇠@ hÿ ‹§\
⌅¥X x¸�ƒ| \‹Xîp ¨©

• ] ƒî  � ✏ D � ‹§\X ®x¡– ¨©
• ] ƒX �\� l1îå

– |⇠�x ⌧¥‹§\D ‡$t Ùê

– �ÄÑX ⌧¥‹§\X ] ƒX l1îå:
1. DP0(comparator)
2. � l1îåX ⌅Ïh⇠| ò¿¥î ] (blocks representing individual component TF)

a) 0�<⌧ (9@ Ö%<⌧) [reference sensor (or input sensor)]
b) ú%<⌧ (output sensor)
c) lŸ0 (actuator)
d) ⌧¥0 (controller)
e) �ú∏ (plant): ⌧¥ �¡

3. Ö% 9@ 0�‡8(input or reference signals)
4. ú%‡8 (output signals)
5. xÄ‡8 (disturbance signal)
6. <‹1 Ë⌅ (feedback loops)
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– ]@ ‹⌅�Ì–⌧X ‹§\– �\ )�› 9@ ıå�Ì–⌧X ⌅Ïh⇠\ ò¿∏‰.

x(t) =

Z 1

0
g(⌧)u(t� ⌧)d⌧

X(s) = G(s)U(s) ! ) G(s) =
X(s)

U(s)

• ⇠Y� )�›¸ ] ƒX �ƒ (Relation b/w Mathematical Equations and Block Diagrams)
– �\�x 2( ‹§\D ‡$t Ùê

ẍ(t) + 2⇣!nẋ(t) + !
2
n
x(t) = !

2
n
u(t)

– 0X �0ptD ¨©XÏ ⌅Ïh⇠| ª<t

s
2
X(s) + 2⇣!nsX(s) + !

2
n
X(s) = !

2
n
U(s)

– sX \‡(mD 0�<\ �¨X‡, 1/s� �Ñ∞ÑD 0µXt⌧ î� �¨Xî Ét \ X
)ït‰.

s
2
X(s) = !

2
n
U(s)� 2⇣!nsX(s)� !

2
n
X(s)

• ] ƒ ¿� (Block Diagram Reduction)
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– Ñ0⇣(branch point) P\ Ä0 Q\ .@, ¯¨‡ DP0(comparator)| P\ Ä0 Q\ .@

• ‰⌘ Ö% ‹§\X ] ƒ
– Ö%¸ xÄt x�⇠î Ω∞| ‡$t Ùê
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– ⌘©(superposition):

Y (s) = YR(s)|D=0 + YD(s)|R=0

=
Y (s)

R(s)

����
D(s)=0

R(s) +
Y (s)

D(s)

����
R(s)=0

D(s)

=
G1G2

1 +G1G2H1
R(s)� G2

1 +G1G2H1
D(s)

– ⌅��x )ï:

Y = G2(G1E �D)

= G2(G1(R�H1Y )�D)

= G2G1R�G2G1H1Y �G2G1D ! Y (s) =
G1G2R�G2D

1 +G1G2H1

Notice that the same denominator appears if the disturbance goes to the forward path
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20 ⌧¥‹§\X ‹⌅�Ì t� �(

• � ‹§\‰X ¥Ÿ)�› lX0 (Find the equation of motion w.r.t. the sub-systems)
• � ‹§\‰– |�|§ ¿X(LT)D ¨©XÏ ⌅Ïh⇠(TF) ª0 (Find the TF using the LT of the

sub-systems)
• � ‹§\ ¨tX x0ôX \‹X0 (Use the block diagram or signal flow graph to find the

interactions among the system components)
• ⌧¥0| $ƒX0
• ⌅¥ ‹§\X TF >0 (Find the overall TF of the system)
• Ì LT| ¨©XÏ ‹⌅Qı ª0 (Obtain the time response by using inverse LT)
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21 ‹§\X ‹⌅Qı (Time Response of Systems)

• ⌅��x ‹⌅Qı = ¸ƒQı + �¡¡‹Qı

time response = transient response + steady-state response

complete solution = homogeneous solution + particular solution

y(t) = yt(t) + yss(t)

• ¸ƒQı: ‹⌅t PÑ– 0|⌧ ¨|¿î Qı (yt(t) : the part of time response that goes to zero
as time becomes very large)

• �¡¡‹Qı: ¸ƒQıt ¨|ƒ tƒ– ®î Qı (yss(t) : the part of time response that remains
after the transient has died out)
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22 Ë⌅ƒËQı (Unit-Step Response)¸ 5�¿ …�¿\ (Performance Criteria)

• Ë⌅ƒËQı: Ö%t Ë⌅ƒËh⇠|L ⌧¥‹§\X Qı (the response of control system when
input is a unit-step function)

• ⌅��x Ë⌅ƒËQı ✏ …�¿\

1. \�$Ñà∏(Maximum Overshoot) (Mp):

maximum overshoot , ymax � yss

ÖÖ \Ö✓– �\ 1Ñ(\ ò¿¥î Ω∞ƒ àL.

percent maximum overshoot , maximum overshoot
yss

⇥ 100%

\�$Ñà∏î ¡�H�ƒ(relative stability)| !�` L ¨©
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2. ¿‹⌅ (Delay Time) (td): \Ö✓X 50%– ƒÏXî p Dî\ ‹⌅
3. ¡π‹⌅(Rise Time) (tr): \Ö✓X 10%–⌧ 90%– ƒÏXî p Dî\ ‹⌅ or 0%–⌧ 100%
L¿X ¡π‹⌅

4. �)‹⌅ (or ��‹⌅) (Settling Time) (ts): \Ö✓X π� 1Ñ( (5% or 3%) t¥– ‰¥�î
p Dî\ ‹⌅

5. �¡¡‹$( (Steady-State Error) (ess): �¡¡‹– ƒÏàD L $(
• ⌧¥ ‹§\ $ƒ` L ¸¥¿î ⌅��x 1•©\, for example, Mp < 10%, ts < 0.012[s], and
ess < 1%.
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23 \�� 1( ‹§\X ‹⌅Qı

• 1( ‹§\

Y (s)

R(s)
=

1

⌧s+ 1

1( ‹§\X �\î RCå\ ‹§\, Ù⌅Ï ‹§\ Òt à<p, ⌧î ‹�⇠| X¯\‰.
• Ë⌅ƒË Qı (r(t) = us(t), R(s) = 1

s
)

Y (s) =
1

⌧s+ 1

1

s
=

1

s
� ⌧

⌧s+ 1
=

1

s
� 1

s+ (1/⌧)

y(t) = 1� e
�t/⌧ for t � 0

– ‹�⇠ ⌧� ëD ⇠] ‹§\ Qı@ h|ƒ‰. (¯º ¡–⌧ ⌧ = TÑ–  X)
– t � 3⌧ , ‹§\X Qı@ \Ö✓X 5% ¥– à‰.
– Qı‹⌅X ��\ …�0�<\î Qıt 5% t¥– ‰¥$îp x¨î ‹⌅ ⇣î 30X ‹�
⇠� t©.
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• Ë⌅®⌅ Qı (r(t) = tus(t), R(s) = 1
s2

)

Y (s) =
1

⌧s+ 1

1

s2
=

1

s2
� ⌧

s
+

⌧
2

⌧s+ 1

y(t) = t� ⌧ + ⌧e
�t/⌧ for t � 0

e(t) = r(t)� y(t) = ⌧(1� e
�t/⌧)

– �¡¡‹ $(î e(1) = ⌧ .
– ‹�⇠ ⌧� ëD⇠] ®⌅Ö%– �\ �¡¡‹ $(î ëDƒ‰.

• Ë⌅ÑÑ§ Qı (r(t) = �(t), R(s) = 1)

Y (s) =
1

⌧s+ 1
=

(1/⌧)

s+ (1/⌧)

y(t) =
1

⌧
e
�t/⌧ for t � 0

Qı ¨tX �ƒ: ⌅X 3�¿ Ö% ¨t–î ƒh⇠ �ƒ� 1Ω\‰.
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24 \�� 2( ‹§\X ¸ƒQı

• 2( ‹§\

Y (s)

R(s)
=

K

Js2 +Bs+K
=

!
2
n

s2 + 2⇣!ns+ !2
n

– D⇣‡‡ ƒŸ⇠ (undamped natural frequency): !
2
n
= K

J

– ⇣‡D (damping ratio): ⇣ = B

2
p
JK

• Ë⌅ƒË Qı (r(t) = us(t), R(s) = 1
s
)

1. Äq⇣‡ (0 < ⇣ < 1) : [⇣‡‡ ƒŸ⇠ (damped natural frequency): !d = !n

p
1� ⇣2]

Y (s) =
!
2
n

s2 + 2⇣!ns+ !2
n

1

s
=

1

s
� s+ 2⇣!n

(s+ ⇣!n)2 + !2
n
(1� ⇣2)

=
1

s
� (s+ ⇣!n)

(s+ ⇣!n)2 + !
2
d

� ⇣!n

(s+ ⇣!n)2 + !
2
d

y(t) = 1� e
�⇣!nt cos!dt�

⇣p
1� ⇣2

e
�⇣!nt sin!dt

= 1� 1p
1� ⇣2

e
�⇣!nt sin(!dt+ �) where � = tan�1

p
1� ⇣2

⇣

– ¸ƒ¡‹X ƒŸ⇠î ⇣‡‡ ƒŸ⇠(!d)� ⇠p, ⇣‡D(⇣)– 0| ¿\‰.
– ⇣� ù�Xt !d = !n

p
1� ⇣2@ ⇣å\‰. ⇣ � 1tt ƒŸX¿ Jî‰.
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2. Ñƒ⇣‡ (⇣ = 1)

Y (s) =
!
2
n

(s+ !n)2
1

s
=

1

s
� 1

s+ !n

� !n

(s+ !n)2

y(t) = 1� e
�!nt � !nte

�!nt

= 1� (1 + !nt)e
�!nt for t � 0

3. ¸⇣‡ (⇣ > 1) [P LX ‰¸ �1,2 = �⇣!n ± !n

p
⇣2 � 1 < 0]

Y (s) =
!
2
n

s2 + 2⇣!ns+ !2
n

1

s
=

1

s
�
✓

�2

�2 � �1

◆
1

s� �1
+

✓
�1

�2 � �1

◆
1

s� �2

y(t) = 1�
✓

�2

�2 � �1

◆
e
�1t +

✓
�1

�2 � �1

◆
e
�2t

– ⇣� 1Ù‰ ‰¿t P ¿⇠m ⌘ Xòî ‰x ÉÙ‰ Ë, h¨ ⇣åXå ⌧‰. ¯ò⌧ T h¨
⇣å⇠î ¿⇠m@ 4‹ ⇠ à‰.

– 0.5 < ⇣ < 0.8 ¨t– àî Äq⇣‡ ‹§\t Ñƒ⇣‡ Ù‰ T h¨ \Ö✓– ƒÏXå⌧‰.
– ƒŸt ∆î ‹§\@ Ñƒ⇣‡� �• `x QıD ò¿∏‰.

• ¸ƒQı (transient response) ¨ë: 2( ‹§\X å¡\ ¸ƒQıD ⌅t⌧î ⇣‡D� 0.4⇠0.8
�ƒÏ| \‰. ⇣ < 0.4tt ¸ƒ\ $Ñà∏� ⌧›X‡, ⇣ > 0.8tt Qıt ê$ƒ‰.

• ⇣‡D@ ⇣‡xê
π1)�›X ¸ s

2 + 2⇣!ns+ !
2
n
= (s+ ⇣!n)2 + !

2
n
(1� ⇣

2) = 0 :

s1,2 = �⇣!n ± j!n

p
1� ⇣2

, �↵± j!d
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Dò ¯º ¡–⌧X ! = !d| X¯h– ¸X\‰.
1. ⇣‡xê(damping factor) ↵ , ⇣!nî ‹§\X ‹�⇠(time constant)X Ì⇠– D@ 1

↵
/ ⌧ .

2. ⇣‡D(damping ratio) ⇣

⇣ = damping ratio =
↵

!n

=
actual damping factor

damping factor at critical damping

• ‡ ƒŸ⇠
– ‡ ƒŸ⇠ !n : –⇣–⌧ π1)�›X ¸(root)L¿X p¨
– ⇣‡D ⇣ = cos ✓ : ¸L¿X  ¸ LX ‰⇠ï ¨t �X T¨x ✓
– ⇣‡xê ↵ = ⇣!n : ¸X ‰⇠Ä
– ⇣‡‡ ƒŸ⇠ !d , !n

p
1� ⇣2 for 0 < ⇣ < 1 : ¸X »⇠Ä

•  ∞¨‹⌅ ✏ \�$Ñà∏
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1.  ∞¨‹⌅ (peak time) tp: Qıt $Ñà∏ 9@ ∏Tà∏X  ∞¨– ƒÏXîp x¨î ‹⌅

dy(t)

dt

����
t=tp

= 0

�⇣!ne
�⇣!ntp sin(!dtp + �) + !de

�⇣!ntp cos(!dtp + �) = 0

tan(!dtp + �) =
⇣!n

!d

=

p
1� ⇣2

⇣

tan!dtp + tan�

1� tan!dtp · tan�
=

p
1� ⇣2

⇣

tan!dtp +

p
1� ⇣2

⇣
=

p
1� ⇣2

⇣

 
1�

p
1� ⇣2

⇣
tan!dtp

!

tan!dtp = 0 ! tp =
n⇡

!d

=
n⇡

!n

p
1� ⇣2

– n = 1|L ´à¯ $Ñà∏  ∞¨ ‹⌅

– n = 2|L ´à¯ ∏Tà∏  ∞¨ ‹⌅

212



– n = 3|L Pà¯ $Ñà∏  ∞¨ ‹⌅

– n = 4|L Pà¯ ∏Tà∏  ∞¨ ‹⌅

2. \� $Ñà∏ (maximum overshoot) Mp: Qı· X \�  ∞¨| �¡¡‹ \ÖX–⌧ !�
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\ ✓. ⇣‡D–Ã Xt.

Mp = y(tp)� 1 = � 1p
1� ⇣2

e
�⇣!ntp sin(!dtp + �)

= � 1p
1� ⇣2

e
�⇣!ntp sin(⇡ + �) =

1p
1� ⇣2

e
�⇣!ntp sin(�)

=
1p

1� ⇣2
e
�⇣!ntp

p
1� ⇣2 = e

�⇣!ntp

= e
� ⇣⇡p

1�⇣2

3. Notice that Mp is a function of ⇣, while tp (tmax in the textbook) is a function of both !n

and ⇣

• ¿‹⌅ (delay time td) / ¡π‹⌅ (rising time tr):
– ¿‹⌅(delay time)D lX0 ⌅XÏ, set y(td) = 0.5 and solve for td

y(td) = 1� e
�⇣!ntd

p
1� ⇣2

sin(!dtd + �) = 0.5
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but the exact solution is dirty, so the approximate equation is used

) td ⇡
1.1 + 0.125⇣ + 0.469⇣2

!n

0 < ⇣ < 1

– Äq⇣‡ 2( ‹§\–⌧î Ùµ 0%–⌧ 100%L¿X ¡π‹⌅<\ �X

y(tr) = 1� 1p
1� ⇣2

e
�⇣!ntr sin(!dtr + �) = 1 ! sin(!dtr + �) = 0

!dtr + � = ⇡ ! tr =
1

!d

 
⇡ � tan�1

 p
1� ⇣2

⇣

!!

– ¥§ Ω∞ 10%–⌧ 90%L¿X ¡π‹⌅<\ �XX0ƒ h.

y(t1) = 1� e
�⇣!nt1

p
1� ⇣2

sin(!dt1 + �) = 0.1

y(t2) = 1� e
�⇣!nt2

p
1� ⇣2

sin(!dt2 + �) = 0.9

tr = t2 � t1

but the exact solution is dirty, so the approximate equation is used

) tr ⇡
1� 0.4167⇣ + 2.917⇣2

!n

0 < ⇣ < 1

– ¸¨›<\ Ä0 ª¥¿î 1»
⇤ tr¸ tdî ⇣– D@X‡, !n– ⇠D@
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⇤ ‡ ƒŸ⇠| ù�(⇣å)‹§t, tr¸ td� ⇣å(ù�)\‰.
• �)‹⌅ (settling time ts): Qı · t \Ö✓X 2% 9@ 5% ¥X î⌅– ‰¥@⌧ 8<å ⇠îp
x¨î ‹⌅. tî ‹§\X ‹�⇠(⌧ = 1

⇣!n
= 1

↵
)@ �(t à‰. 0 < ⇣ < 0.69 l⌅– �t⌧ D¸

�UX¿î J¿Ã ¯Ã\ É<\ Dò@ ⇡@ ›D ¨©` ⇠ à‰.

ts ⇡ 3.2⌧ =
3.2

⇣!n

for 5 % criterion
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– 0 < ⇣ < 0.69 l⌅X �)‹⌅– �\ ƒ�t| ª¥Ùê :

1 +
e
�⇣!nts

p
1� ⇣2

= 1.05 :upper bound of unit-step response

1� e
�⇣!nts

p
1� ⇣2

= 0.95 :lower bound of unit-step response

– Solving above for !nts, we have

) ts = � 1

⇣!n

ln(cts
p
1� ⇣2)

where cts is the “percent set for the settling time”, if the threshold is 5%, then cts = 0.05.
– For ⇣ > 0.69, �)‹⌅ ¸¨›:

ts ⇡
4.5⇣

!n

�)‹⌅t ⇣– D@X‡ !n– ⇠D@Ñ–  X

– As a result, ts, td, tr and tp can be reduced by increasing !n, but the maximum overshoot
Mp is not related to !n (it is related to only ⇣).
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