
7 Compensation
• Lead compensator, which approximates the PD

• Lag compensator, which approximates the PI

• Notch compensator, which has special characteristics for dealing with resonances.

• Characteristic equation of the closed-loop control system

1 +KDc(s)G(s) = 0

where L(s) = KDc(s)G(s) is called as “loop gain” or “open-loop” transfer function of the system.
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• (6.7.1) PD Compensation

1. The TF of PD

Dc(s) = TDs+ 1

2. This compensation is used by locating 1/TD so that the increased phase occurs in the vincin-
ity of crossover, thus increasing the PM.

3. The magnitude of the compensation continues to grow with increasing frequency. This fea-
ture is undesirable because it amplifies the high-frequency noise that is typically present in
any real system.
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• (6.7.2) Lead Compensation

1. ∞ùÌ0| t©\ ⌅ê› å\›, ⌅0› RC å\›, 0ƒ› §⌅¡-⇣‡0 Ò<\ l⌅` ⇠ à‰.
�| ‰¥ RCå\›D t©XÏ l⌅\ ^,Ù¡ �⌧î ‰L¸ ⇡‰.

^,Ù¡0X D†\¯ å\ l⌅ ƒ∞ �î ‰L¸ ⇡‰
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+
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+

0� (�Eo)
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+

0� (�Eo)

1/(C2s)
= 0

Eo(s)

Ei(s)
=

R2
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1 +R1C1s

1 +R2C2s
=

C1

C2

1
R1C1

+ s
1

R2C2
+ s

Gc(s) = Kc
s+ z1
s+ p1

Kc =
C1

C2
z1 =

1

R1C1
p1 =

1

R2C2
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2. ^, Ù¡0X π1

Dc(s) =
TDs+ 1

↵TDs+ 1
0 < ↵ < 1

– 0 < ↵ < 1 t¿\ �⇣t m¡ ˘X $xΩ– ⌅X\‰

– ˘å\  ƒ

Dc(j!) =
j!TD + 1

j!↵TD + 1
|Dc(j!)| =

p
T 2
D!

2 + 1p
↵2T 2

D!
2 + 1

\Dc(j!) = tan�1 TD! � tan�1 ↵TD!

ëX ‰⇠ï¸ –⇣<\Ä0 ⇠–– ¯@ ⌘ �@ \�⌅¡� �maxt ⌧‰. ⌘ –⌧X ¸�⇠|
!maxt|‡ Xt, ⌘ � �max@ ‰LD Ãq\‰

) sin�max =
1�↵
2↵
1+↵
2↵

=
1� ↵

1 + ↵
! ↵ =

1� sin�max

1 + sin�max

tî \�⌅¡ ^,�(maximum phase lead)¸ ↵@X �ƒ| ò¿∏‰.
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– ↵ = 0.1x Ω∞, Bode  ƒ

Dc(j!) =
j!TD + 1

0.1j!TD + 1
20 log |Dc(j!)| = 20 log

q
T 2
D!

2 + 1� 20 log
q

0.01T 2
D!

2 + 1

\Dc(j!) = tan�1 TD! � tan�1 0.1TD!

¨‰, !max@ P ⌧X �⇣ ¸�⇠X 0X …‡t‰ (\¯ §�|–⌧X ∞ …‡¸ Ÿ|X‰)

log!max =
log 1

TD
+ log 1

↵TD

2
) !max =

1p
↵TD
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3. ^, Ù¡0î
a) 0¯�<\ ‡¸�µ¸D0t‰. ‡¸� °LX �•D �î‰
b) ¸ƒQıD ¡˘à ⌧ ‹¨ ⇠ à‰.

4. ¸§�ï– 0¯D T ^, Ù¡0ï : $ƒ– à¥⌧ ‹⌅�Ì 1•¨ë â, îl⇠î –Ë⌅X ⇣‡
D, D⇣‡‡ ƒŸ⇠, \�$Ñà∏, ¡π‹⌅, �)‹⌅ Ò<\ ¸¥» L �Ëà ®¸�t‰. $ƒ
¸�@ ‰L¸ ⇡‰

a) 1•¨ë<\Ä0 ¸î –Ë⌅ ˘X îl⇠î ⌅X| ∞�\‰.
b) ¸§� ƒ| ëƒX‡, t›p�Ã<\ îl⇠î –Ë⌅ ˘D Ã‰¥ º ⇠ àî¿ Ux\‰. ¯
⌥¿ ªXt Äq�(�)| ∞ú\‰.

c) ^, Ù¡0 KcDc(s) = Kc
TDs+1
↵TDs+1 with 0 < ↵ < 1–⌧ ↵, TDî Äq�D �¿‡ ∞ú\‰. Kcî

⌧Ë⌅ t›pt<\ ªî‰.
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(Example 1) G(s) = 4
s(s+2)| �¿‡ –Ë⌅ ‹§\t ⇣ = 0.5 and !n = 4� ⇠ƒ] Ù¡0| $ƒ?

(Solution)
a) îl⇠î ¸î –Ë⌅ ˘ : �⇣!n ± !n

p
1� ⇣2j = �2± 2

p
3j

b) ¸¥ƒ G(s)X ¸§� ƒ : K = 1| L 1 +KG(s) = 0X –Ë⌅ ˘@ s2 + 2s+ 4 = 0<\ Ä0
�1±

p
3j

c) t›p�Ã<\ îl⇠î –Ë⌅ ˘D Ã‰¥ º ⇠ ∆‰. ¯Ï¿\ Äq�(�)| ∞úXê

\G(s)|s=�2+2
p
3j = \ 4

(�2 + 2
p
3j)(

p
3j)

= �120� � 90� = �210�

t¿\ \KcDc(s)G(s) = �180�� ⇠0 ⌅t⌧î � = 30�t ÄqX‰.
d) ©\ ^,⌅¡�D Äq� Ù‰ lå �max = 35�\ $�Xê

sin�max =
1� ↵

1 + ↵
= 0.574 ! ↵ =

1� sin�max

1 + sin�max
= 0.27
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e) ^, Ù¡0X ⌅¡�D � = 30�� ⇠ƒ] TD $ƒXê with ↵ = 0.27

� = \Dc(s)

= \ TDs+ 1

↵TDs+ 1
|s=�2+2

p
3j

= tan�1 2
p
3TD

�2TD + 1
� tan�1 2

p
3↵TD

�2↵TD + 1
= 30� ! TD = 1.4

f) ⌅–⌧ ∞�⌧ TD and ↵| �¿‡ KcDc(s) = Kc
1.4s+1
0.38s+1X l0| ∞�Xê

|KcDc(s)G(s)| = Kc

����
1.4s+ 1

0.38s+ 1
· 4

s(s+ 2)

����
s=�2+2

p
3j

= 1 ! Kc ⇡ 0.9
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5. ¸�⇠ Qıï– 0�| T ^,Ù¡ 0ï
a) ¸¥ƒ $(¡⇠ îlpt<\ Ä0 ^,Ù¡0X Kc| ∞�\‰.

Gc(s) = KcDc(s) = Kc
TDs+ 1

↵TDs+ 1

Gc(s)G(s) = Kc
TDs+ 1

↵TDs+ 1
G(s) =

TDs+ 1

↵TDs+ 1
G1(s) ! G1(s) = KcG(s)

b) G1(s)X Bode| ¯¨‡ ⌅¡Ï | …�\‰
c) î� ⌅¡ ^,� �max| ∞�\‰. (Äq� Ù‰ 5� ⇠ 6� �ƒ lå $�)
d) ⇣‡xê ↵ = 1�sin�max

1+sin�max
| ∞�\‰.

e) |G1(j!)| =
p
↵� ⇠î ÛX ¸�⇠| ∞�\‰. t| »\¥ “t›P(¸�⇠” !max = 1p

↵TD
<\

∞�Xp, t ¸�⇠–⌧ \� ⌅¡� �maxt ⌧›\‰.
f) t›Ï | Ux\‰.
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(Example 2) G(s) = 4
s(s+2)| �¿‡ çƒ$(¡⇠ Kv = 20, PM = 50�, GM � 10dbt ⇠ƒ] Ù¡

0| $ƒX|?
(Solution)
a) çƒ$(¡⇠\ Ä0 Kc lX0

Kv = lim
s!0

sG(s)Gc(s) = 2Kc = 20 ! Kc = 10

b) G1(s) = KcG(s) = 40
s(s+2) X ⌅¡Ï lX0

20 log |G1(j!)| = 20 log 20� 20 log! � 20 log

r
1 +

!2

4
= 0 ! !g = 6.17

\G1(j!g) = �90� � tan�1 !g

2
= �162� ! PM = 18�

c) î� ⌅¡ ^,� � = 32� t ⇠¥| \‰. �max = 38�\ °ê.
d) ⇣‡xê ↵| ∞�\‰.

sin�max =
1� ↵

1 + ↵
= 0.616 ! ↵ =

1� sin�max

1 + sin�max
= 0.24

e) |G1(j!max)| =
p
↵ = 0.49� ⇠î ÛX ¸�⇠| »\¥ “t›P(¸�⇠” !max = 1p

↵TD
<\ ∞�

Xp, t ¸�⇠–⌧ \� ⌅¡� �maxt ⌧›\‰.

|G1(j!max)| =
40

!max

p
!2
max + 4

= 0.49 ! !max = 8.92 ! TD = 0.23

f) Gc(s) = 10 0.23s+1
0.055s+1| t©XÏ t›Ï | Ux\‰.
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6. (Example 6.15) G(s) = 1
s(s+1)– �XÏ ‰L 2ptD ÃqXƒ] ^, Ù¡0| $ƒX|?

1) steady-state error of less than 0.1 for a unit-ramp input
2) maximum overshoot Mp < 25%

(Solution)
a) çƒ$(¡⇠\ Ä0 Kc lX0

Kv = lim
s!0

sG(s)Gc(s) = Kc ! 1

Kc
 0.1 ! Kc = 10

where lead compensator is

Gc(s) = KcDc(s) = Kc
TDs+ 1

↵TDs+ 1

b) G1(s) = KcG(s) = 10
s(s+1) X ⌅¡Ï lX0

20 log |G1(j!)| = 20 log 10� 20 log! � 20 log
p

1 + !2 = 0 ! !g = 3.08

\G1(j!g) = �90� � tan�1 !g = �162� ! PM = 18�

c) ⇣Q<\ Ä0 ©\ PM lX0

Mp = e
� ⇣⇡p

1�⇣2 < 0.25 ! ⇣ > 0.4 ! PM = 55�

d) î� ⌅¡ ^,� � = 37� t ⇠¥| \‰. �max = 42�\ °ê.
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e) ⇣‡xê ↵| ∞�\‰.

sin�max =
1� ↵

1 + ↵
= 0.67 ! ↵ =

1� sin�max

1 + sin�max
⇡ 0.2

f) |G1(j!max)| =
p
↵ = 0.447� ⇠î ÛX ¸�⇠| »\¥ “t›P(¸�⇠” !max = 1p

↵TD
<\ ∞

�Xp, t ¸�⇠–⌧ \� ⌅¡� �maxt ⌧›\‰.

|G1(j!max)| =
10

!max

p
!2
max + 1

= 0.447 ! !max = 4.78 ! TD ⇡ 0.5

g) Gc(s) = 100.5s+1
0.1s+1| t©XÏ t›Ï | Ux\‰.

7. (Example 6.16)
8. (Example 6.17)
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