
7 0¿:LD|`¥©‰
1 ıå⇠ (complex numbers)

• ¡�å\ƒ (rectangular form) (x: ‰⇠Ä, y: »⇠Ä, j =
p
�1)

z = x+ jy

• 0XY�x �ƒ

x = R cos ✓ and y = R sin ✓

R@ zX l0, ✓î zX ⌅¡

R =
p
x2 + y2 and ✓ = tan�1 y

x
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¯Ï¿\

z = R cos ✓ + jR sin ✓

• (8‡) Taylor series expansions

e
x = 1 +

1

1!
x+

1

2!
x
2 +

1

3!
x
3 +

1

4!
x
4 +

1

5!
x
5 · · ·

sin x =
1

1!
x� 1

3!
x
3 +

1

5!
x
5 � · · ·

cos x = 1� 1

2!
x
2 +

1

4!
x
4 � · · ·

• $|Ï ı› (Euler formula)

e
j✓ = 1 +

1

1!
(j✓) +

1

2!
(j✓)2 +

1

3!
(j✓)3 +

1

4!
(j✓)4 +

1

5!
(j✓)5 · · ·

= 1 + j
1

1!
✓ � 1

2!
✓
2 � j

1

3!
✓
3 +

1

4!
✓
4 + j

1

5!
✓
5 · · ·

=

✓
1� 1

2!
✓
2 +

1

4!
✓
4 � · · ·

◆
+ j

✓
1

1!
✓ � 1

3!
✓
3 +

1

5!
✓
5 � · · ·

◆

= cos ✓ + j sin ✓

• ˘å\ƒ (polar form) (R: l0, ✓: ⌅¡)

z = x+ jy = R cos ✓ + jR sin ✓ = Re
j✓ = R\✓
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• Ï�ıå⇠ (complex conjugate)

z
⇤ = x� jy = R cos ✓ � jR sin ✓ = Re

�j✓ = R\� ✓

Note that

zz
⇤ = R

2 = x
2 + y

2
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2 ıå¿⇠ (complex variables), ıå¿⇠h⇠ (functions of complex variables)

• ıå…t ¡X ÑXX ⇣ s1@ ‰⇠Ä �1@ »⇠Ä !1\ \⌅

s1 = �1 + j!1

• ıå¿⇠ h⇠ G(s) ⇣\ ‰⇠Ä@ »⇠Ä| �–

G(s) = Re[G(s)] + jIm[G(s)]

• s ! G(s) : Ë�h⇠ (one-to-one mapping) t¿Ã, Ìh⇠î G(s) ! s: Ë�h⇠ Dÿ. �| ‰¥,

G(s) =
1

s(s+ 1)
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s1 ! G(s1) but G(s1) 9 s1

G(s) = 1t 2⇣ (s = 0 or s = �1)<\ ‰Q(.
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3 t�h⇠ (analytic function)

• ¥§ h⇠@ ¯ h⇠X ®‡ ƒh⇠� s …tX ¥§ �Ì–⌧ t¨Xt, ¯ h⇠î ¯ �Ì–⌧ t�
h⇠t‡ t��(analytic)t|‡ \‰.

• G(s) = 1
s(s+1) is analytic except at the points s = 0 and s = �1

• G(s) = s+ 2 is analytic at every point
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4 h⇠X πt⇣¸ ˘ (singularities and poles of a function)

• πt⇣: ¯ h⇠ 9@ ¯ h⇠X ƒh⇠‰t �X⇠¿ ªXî (t¨X¿ Jî) s…tX ⇣.
• ˘@ �• |⇠�x �‹X πt⇣.
• ˘X �X: ¥§ h⇠ G(s)� s = p1 ¸)–⌧ t��t‡, Ë�tp, ‰LX ˘\X lims!pi[(s �
pi)rG(s)]� 0t DÃ  \\ ✓D �¿t t h⇠ G(s)î s = pi– r(X ˘D �ƒ‰‡ \‰.

• r = 1tt, s = pi–⌧X ˘@ “Ë⌧ ˘ (simple pole)”t|‡ \‰.
• For example

G(s) =
10(s+ 2)

s(s+ 1)(s+ 3)2

– s = �3–⌧ 2( ˘ (a pole of order 2)
– s = 0 and s = �1–⌧ Ë⌧ ˘ (simple poles)
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5 h⇠X �⇣ (zeros of a function)

• �⇣X �X: h⇠ G(s)� s = zi–⌧ t��t‡, Ã| lims!zi[(s�zi)�r
G(s)]� 0t DÃ  \\ ✓D

�¿t, G(s)î s = zj–⌧ r(X �⇣D �ƒ‰‡ \‰.
• ˘X � ⇠ = �⇣X � ⇠
• For example

G(s) =
10(s+ 2)

s(s+ 1)(s+ 3)2

– 4⌧X ˘(four poles) : s = 0,�1,�3,�3

– 4⌧X �⇣ (four zeros) : s = �2 (finite) and s = 1,1,1 (three infinite zeros)

lim
s!1

G(s) = lim
s!1

10

s3
= 0
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6 ˘å\ \⌅ (polar representation)

• At s = 2j, find the polar representation of the function?

G(s) =
1

s(s+ 1)

[solution]

G(2j) =
1

2j(2j + 1)
=

1

2j
⇥ 1

2j + 1
=

1

2
e
�j

⇡
2 ⇥ 1p

5
e
�j tan�1 2 =

1

2
p
5
e
�j(⇡2+tan�1 2)

• (8‡) s = j!| ¨©h– Xt ª¥¿î ¸�⇠ Qı h⇠ (frequency response function, G(j!))
1. By definition, if s = j!, G(j!) is the “frequency response function” of G(s), b/c ! has a

unit of frequency.
2. ‰LX 2( ‹§\D ‡$t Ùê

G(s) =
K

(s+ p1)(s+ p2)

– l0 (the magnitude of G(j!))

R = |G(j!)| = K

|j! + p1||j! + p2|

=
Kp

!2 + p
2
1

p
!2 + p

2
2
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– ⌅¡ (the phase angle of G(j!))

� = \G(j!) = \K � \(j! + p1)� \(j! + p2)

= � tan�1 !

p1
� tan�1 !

p2
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7 Laplace ¿X›

• (Laplace ¿XX •⇣)  � ¡¯Ñ )�›X t| l` L  uXå ¨© ⇠ àî ∞ï.
– ¡¯Ñ )�›D ıå¿⇠ sX �⇠ )�›<\ ¿X` ⇠ à‰.
– ‹§\ ¯Ñ)�›D ¡⌘ Ä¿ J‡ ‹§\X 1•D �!` ⇠ àî ƒt� 0ïD ¨©` ⇠
à‰.

– ¯Ñ )�›X t| l` L, tX ¸ƒ1Ñ¸ �¡¡‹1ÑD Ÿ‹– l` ⇠ à‰.
• (Cauchy-Riemann pt) \ �Ì–⌧ ıåh⇠ G(s)@ ¯ÉX ƒh⇠� t¨` L, G(s)î ¯ �Ì
–⌧ t��(analytic)t|‡ \‰.

d

ds
G(s) = lim

�s!0

G(s+�s)�G(s)

�s
= lim

�s!0

�G

�s

where �G = �Gx + j�Gy and �s = �� + j�w. ‰⇠ï Ω\– X\ ƒh⇠� »⇠ï Ω\– X\
ƒh⇠@ ⇡D| X¿\

lim
��!0

✓
�Gx

��
+ j

�Gy

��

◆
= lim

j�w!0

✓
�Gx

j�w
+ j

�Gy

j�w

◆

@Gx

@�
+ j

@Gy

@�
= �j

@Gx

@w
+

@Gy

@w

0|⌧, ‰L 2pt

) @Gx

@�
=

@Gy

@w

@Gy

@�
= �@Gx

@w

t Ãq⌧‰t, ƒh⇠ dG(s)
ds
î  |Xå ∞�⌧‰.

⌅X 2ptD Cauchy-Riemann ptt|‡ X‡, t ptt Ãq⇠t h⇠ G(s)î t��t‰.
– ıå…t–⌧ G(s)� t��x ⇣D µ¡⇣ (ordinary point) t|‡ \‰.
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– ıå…t–⌧ G(s)� Dt��x ⇣D πt⇣ (singular point) t|‡ \‰.
• (Euler �¨\ Ä0  ƒ⌧ º�h⇠)

cos ✓ = 1� ✓
2

2!
+

✓
4

4!
� · · ·

sin ✓ = ✓ � ✓
3

3!
+

✓
5

5!
� · · ·

0|⌧

) cos ✓ + j sin ✓ =

✓
1� ✓

2

2!
+

✓
4

4!
� · · ·

◆
+ j

✓
✓ � ✓

3

3!
+

✓
5

5!
� · · ·

◆

= 1 + (j✓) +
(j✓)2

2!
+

(j✓)3

3!
+ · · ·

= e
j✓

Euler �¨\ Ä0

e
j✓ = cos ✓ + j sin ✓

e
�j✓ = cos ✓ � j sin ✓

¯Ï¿\

) cos ✓ =
e
j✓ + e

�j✓

2
sin ✓ =

e
j✓ � e

�j✓

2j

168



8 Laplace ¿X �X ✏ ⇠4å\ (abscissa of convergence)

L[f(t)] = F (s) =

Z 1

0
f(t)e�st

dt

• h⇠ f(t)X Laplace ¿X›@ Laplace �Ñt ⇠4Xt t¨\‰.
• f(t)� t > 0x ®‡  \l⌅–⌧ lÑ� ç (piecewise continuous) t‡, ⇣ t� 4\�\ ⌘¸`
L f(t)� ¿⇠(⇠ (exponential order) tt Laplace �Ñ@ ⇠4\‰.

• t ! 1|L, h⇠ e
��t|f(t)|D 0<\ ⌘¸‹§î ëX ¡⇠ �� t¨Xt f(t)| ¿⇠(⇠X h⇠|‡

\‰.
• h⇠ e

��t|f(t)|X ˘\✓t � > �c Ω∞–î 0<\ ⌘¸X‡, � < �c Ω∞– 4\�\ ⌘¸\‰t, t
Ωƒ✓ �c| ⇠4å\|‡ \‰.

• |⇠�<\ ⇠4å\ �cî ıå…t–⌧ �• $xΩ– ⌅X\ ˘X ‰⇠Ä– t˘\‰.
• ¿⇠h⇠Ù‰ h¨ ù�Xî h⇠– �t⌧î ⇠4å\| >î É@ à�•X‰. �|‰¥ e

t
2, tet2@

⇡@ h⇠î Laplace ¿X›t t¨X¿ Jî‰.
• Ö%t t = 0–⌧ �t¿p, ‹§\X Qıt t = 0 t⌅–î ⌧›⇠¿ Jî‰. â ú%@ Ö%Ù‰
<� ⌧›X¿ Jî‰. tÏ\ ‹§\D x¸�(causal)t|‡ \‰.
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9 Laplace ¿XX ⌘î\ �¨

• ¿⇠h⇠

L[Ae�↵t] =

Z 1

0
Ae

�↵t
e
�st

dt =

Z 1

0
Ae

�(↵+s)t
dt = � A

s+ ↵
e
�(↵+s)t

����
1

0

=
A

s+ ↵

• ƒËh⇠, A · 1(t)

L[A] =
Z 1

0
Ae

�st
dt = �A

s
e
�st

����
1

0

=
A

s

• ®⌅h⇠

L[At] =
Z 1

0
Ate

�st
dt = At

✓
�e

�st

s

◆����
1

0

�
Z 1

0
A

✓
�e

�st

s

◆
dt

= 0 +

Z 1

0
A
e
�st

s
dt = �A

e
�st

s2

����
1

0

=
A

s2
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• sine h⇠

L[A sin!t] =

Z 1

0
A sin!te�st

dt =

Z 1

0
A
e
j!t � e

�j!t

2j
e
�st

dt =

Z 1

0

A

2j
e
(j!�s)t

dt�
Z 1

0

A

2j
e
(�j!�s)t

dt

=
A

2j(j! � s)
e
(j!�s)t

����
1

0

� A

2j(�j! � s)
e
(�j!�s)t

����
1

0

=
A

2j(s� j!)
� A

2j(s+ j!)

=
A

2j

2j!

(s� j!)(s+ j!)

=
A!

s2 + !2

• tŸh⇠ [⌧ = t� ↵] and L[f(t)] = F (s)

L[f(t� ↵) · 1(t� ↵)] =

Z 1

0
f(t� ↵) · 1(t� ↵) · e�st

dt =

Z 1

�↵

f(⌧) · 1(⌧) · e�s(⌧+↵)
d⌧

=

Z 1

0
f(⌧) · e�s⌧ · e�s↵

d⌧ = e
�s↵

Z 1

0
f(⌧)e�s⌧

d⌧

= e
�↵s

F (s)

• Ñ§h⇠ f(t) = A

t0
· 1(t)� A

t0
· 1(t� t0)

L

A

t0
· 1(t)� A

t0
· 1(t� t0)

�
=

A

t0

Z 1

0
1(t) · e�st

dt� A

t0

Z 1

0
1(t� t0) · e�st

dt

=
A

st0
� e

�t0s
A

st0
=

A

t0s
(1� e

�t0s)
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• ÑÑ§h⇠ f(t) = limt0!0[
A

t0
· 1(t)� A

t0
· 1(t� t0)]

L[f(t)] = lim
t0!0


A(1� e

�t0s)

t0s

�

= lim
t0!0


Ase

�t0s

s

�

= A

• f(t)@ e
�↵tX Ò

L[e�↵t
f(t)] =

Z 1

0
e
�↵t

f(t)e�st
dt =

Z 1

0
f(t)e�(s+↵)t

dt

= F (s+ ↵)

f(t)– e
�↵t| ÒXî É@ Laplace ¿X›–⌧ s �‡– s+ ↵| �ÖXî É¸ ⇡‰.

L[e�↵t sin!t] =
!

(s+ ↵)2 + !2

L[e�↵t cos!t] =
(s+ ↵)

(s+ ↵)2 + !2

• ‹⌅ ôƒX ¿Ω [ t
↵
= t1]

L

f

✓
t

↵

◆�
=

Z 1

0
f

✓
t

↵

◆
e
�st

dt =

Z 1

0
f(t1)e

�↵st1↵dt1

= ↵F (↵s)
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• Laplace �ÑX X\– �XÏ

L+ [f(t)] =

Z 1

0+
f(t)e�st

dt

L� [f(t)] =

Z 1

0�
f(t)e�st

dt = L+ [f(t)] +

Z 0+

0�
f(t)e�st

dt

f(t)� t = 0–⌧ impulseh⇠| ÏhX‡ à‰t

L+ [f(t)] 6= L� [f(t)]

• ¯Ñ �¨

F (s) =

Z 1

0
f(t)e�st

dt = f(t)

✓
�e

�st

s

◆����
1

0

�
Z 1

0
f
0(t)

✓
�e

�st

s

◆
dt

=
1

s
f(0) +

1

s

Z 1

0
f
0(t)e�st

dt =
1

s
f(0) +

1

s
L[f 0(t)]

¯Ï¿\

L[f 0(t)] = sF (s)� f(0)

L[f 00(t)] = s
2
F (s)� sf(0)� f

0(0)

L[f (n)(t)] = s
n
F (s)� s

n�1
f(0)� s

n�2
f
0(0)� · · ·� f

(n�1)(0)
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• \Ö✓ �¨ : f(t)X �¡¡‹ pŸ¸ s = 0 Ä¸–⌧ sF (s)X pŸ¸X �ƒ| ò¿∏‰.

lim
s!0

L[f 0(t)] = lim
s!0

[sF (s)� f(0)]

lim
s!0

Z 1

0
f
0(t)e�st

dt

�
= lim

s!0
[sF (s)� f(0)]

Z 1

0
f
0(t)dt = lim

s!0
[sF (s)� f(0)]

) f(1) = lim
s!0

sF (s)

• �0✓ �¨

lim
s!1

L[f 0(t)] = lim
s!1

[sF (s)� f(0)]

lim
s!1

Z 1

0+
f
0(t)e�st

dt

�
= lim

s!1
[sF (s)� f(0+)]

0 = lim
s!1

[sF (s)� f(0+)]

) f(0+) = lim
s!1

sF (s)
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• �Ñ �¨ f
�1(0) = [

R
f(t)dt]t=0

L
Z

f(t)dt

�
=

Z 1

0

Z
f(t)dt

�
e
�st

dt

=

Z
f(t)dt

�✓
�e

�st

s

◆����
1

0

�
Z 1

0
f(t)

✓
�e

�st

s

◆
dt

=
1

s

Z
f(t)dt

�

t=0

+
1

s

Z 1

0
f(t)e�st

dt

=
1

s
F (s) +

f
�1(0)

s

��Ñ �¨

L
Z

t

0
f(t)dt

�
=

1

s
F (s)

• ıå¯Ñ �¨

L[tf(t)] =
Z 1

0
tf(t)e�st

dt =

Z 1

0
f(t)

d

ds
[�e

�st]dt

= � d

ds

Z 1

0
f(t)e�st

dt
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¯Ï¿\

L[tf(t)] = � d

ds
F (s)

L[t2f(t)] = d
2

ds2
F (s)

L[tnf(t)] = (�1)n
d
n

dsn
F (s)

• ¡π�Ñ or i1�Ñ (convolution integral) �¨ : [f1(t) ⇤ f2(t) =
R
t

0 f1(t� ⌧)f2(⌧)d⌧ ]

L[f1(t) ⇤ f2(t)] = F1(s)F2(s)
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