2 Steady-State Error to Polynomial Inputs: System Type
e Reference for Tracking : r(t) = agt” + ait" 1 + ast" > + -+ + a, 1t + a,
e Reference for Regulation : r = constant

e The system type is defined as the “degree of the polynomial that it can reasonably track”.
e.g., a system that can track a polynomial of degree 1 with a constant error is called Type 1.

1. System Type for Tracking

e Reference polynomial inputs:
— step (position) input : r(¢) = 1(¢) for ¢ > 0 and R(s) =1
— ramp (velocity) input : r7(t) = ¢- 1(¢) for t > 0 and R(s) = &
1

— parabolic (acceleration) input : r(t) = 5t*- 1(¢) for t > 0 and R(s) =

— k-th order: r(t) = & for t > 0 and R(s) = 2+

1
3
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Wi(s)

+ ; +
R(s) Controller  |U(s) + Plant
D('[(S) G(s)

o Error TF E(s) = R(s) — Y(s) with V =W =0

1 1

E(s) = g GDcl(s)R<$) = S(s)R(s)  with the definition of sensitivity function S(s) = T GDa(s)

e Steady-state error for k-th order polynomial inputs r(t) = % is
ess = lim sFE(s)

s—0

5 1 1
= lim s

s—0 1+ GDy(s) sht!

e Let us collect the all the terms except the pole(s) at the origin into a function GD,,(s), which
is finite at s = 0 so that we can define the constant GD.,(0) = K,, and write the loop TF as

GDCZO(S)

STL

GDCZ(S) =

For example, if GD(s) has no integrator, then n = 0. If the system has one integrator, then
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n = 1, and so forth. Substituting this expression into above equation:

e Step input k£ =0,
- if n =0, then ess:rli(o
where Ky = lim,_,0 GD,(5s)
- ifn=1, then e¢,, =0
- if n =2, then e¢,, =0
e Ramp input £ =1,
- if n =0, then e,, = ¢
- if n =1, then e, = &
where K = limg 0 GD,(s)
- if n =2, then ¢,, =0
e Parabolic input £ = 2,
- if n =0, then e,, = ¢
- if n =1, then e¢,, = ©
- if n =2, then 633:%2
where K5 = limg o GD,(s)

1 1 1
€ss = sl—r>%81 N GDCllo(s) gk+1
Sn/
, s" 1
= lim

s—0 " + K, sk

and the system type 0

— K, =lim, ,0 GD(s) is called as “position error constant”

and the system type 1

— K, =lims_,0 sGD(s) is “velocity error constant”

and the system type 2

— K, = lim,_s*GD,(s) is “acceleration error constant”
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e The type information can also be usefully gathered in a table of error values as a function
of the degree of the input polynomial and the type of the system as shown in Table 4.1

Errors as a Function of System Type

Type Input  Step (position) Ramp (velocity) Parabola (acceleration)

Type 0
ype 55 00 00
1
Type 1 0 —
yp K, 010
Type 2 0 0 —
yp X

e (Example 4.1 System Type for Speed Control) Assume G(s) = TS“_‘H and D, = k,. In this case,

Ak,
7s + 1

GD, =

is “type 0” and its position constant is K, = Ak, and the steady-state error is e,; = H#Ak for
step input. Also we can check it again from the definition of steady-state error according to
the inputs (step, ramp, parabolic):

=i 1 ! 1 type O
€es = lIM §————
5—0 1+GDCIS l—l—Akp yp
_ 1 1
€es = lIM§————— = 0
s=0 1+ GD, s?
1 1
€es = lIMS————— = 0

s=0 14+ GDys3
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and D, =Fkp+ kl = —kpsjkj.

e (Example 4.2 System Type using PI Control) Assume G(s) =
In this case,

7'3—|—1

A(kpS + ]C])

GD. =
l s(ts+1)

is “type 1” and its velocity constant is K, = Ak; and the steady-state error is e, = ALkI for
ramp input. Also we can check it again from the definition of steady-state error according to
the inputs (step, ramp, parabolic):

O = S GDys
1 1 1
=lims—— —  t 1
Cos sl—I%Sl +GDy 82 Ak yPpe
1 1
e = liIMS———— = 00

5—0 1+GDZS3

e The system type is a “robust property with respect to parameter changes in the unity feed-
back” structure

e As the system type increases, so the tracking performance is improved.
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W(s)
+
, + Controller U(s) ( F) Plant '
&) D()I(S) = G(s) 1)

Sensor
H(s)

e (Example 4.3 System Type for a Servo with Tachometer Feedback) Consider Fig. 4.5 with

G(s) = S(Tlﬂ)’ D.(s) = kp and H(s) = 1+ kis. Determine the system type and relevant error

constant with respect to the reference inputs when V =W = 0.
The error TF is

D.G
E(s) = R(s) — mR(S)
] b
_ |y 5D (s) = [1 B kp R(s)
R T R R
- [ kp - 7'82 + (k?pkt + 1)8 R
U 782+ (kpki + 1)s + kp] (s) = 782 + (kpky + 1)s + k, (5)

The steady-state error for inputs (step, ramp, parabolic) becomes

s|ts + (kpki +1)] 1
=0 752+ (kphky + 1)s + ky s
slts+ (kpky +1)] 1 kpki+1
=0 7524 (kpky + 1)s + ky 2k,
slrs+ (kpky+ 1)) 1

=0 7524 (kpk; + 1)s + k, 3

=0

type 1
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Thus, the “system type is 1” and its velocity constant becomes

k
Ky=—b
kpk; + 1

e If tachometer feedback is used to improve dynamic response, the steady-state error is usually
increased, that is, there is a trade-off between improving the stability and reducing steady-
state error.
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2. System Type for Regulation and Disturbance Rejection

e A system can also be classified with respect to its ability to reject polynomial disturbance
inputs in a way analogous to the classification scheme based on reference inputs.

e Consider TF from the disturbance input W(s) to the error E(s) when R(s) =0
E(s) _R(s)=Y(s)  Y(s)

Wis) W) W(s)

= Tw($)

- “Type 0” if step disturbance input results in a nonzero constant steady-state error
- “Type 17 if ramp disturbance input results in a nonzero constant steady-state error
- “Type 27 if parabolic disturbance input results in a nonzero constant steady-state error

e Assume that a constant » and a function 7,,(s) can be defined with the properties that

T,.,(0) = =— and that the disturbance-to-error TF can be written as

Tw(s) = 8" Tpu(s)

Then the steady-state error to disturbance input, which a polynomial of degree k, is

ess = 1im sT,(s)

s—0 Sk+1
Sn
=1lim7,,(s)—
5—0 o,w( )Sk

— if n > k, then the error is zero

1

- if n =k, the system is “type £” and the error is given by +

- if n < k, the error is unbounded.
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%5‘
A
D(s) + s(ts + 1) O

e (Example 4.4 System Type for a DC Motor Position Control) Consider Fig. 4.6 with R(s) =0,
(a) DC(S) = kp, (b) DC(S) = kp + % _ kps+tk;

S

a) Proportional control D.(s) = kp

B

s(Ts+1)
T(s) = — =)
R

B
T T2+ s+ Akp
= —5"T,.u(5) —  type O
B 1 B 1 Akp

ess = — lim s —= — K., = — v
* 520 782+ s+ Akps Akp O

where unit-step disturbance brings a non-zero constant error, unit-ramp and unit-parabolic
disturbances yield unbounded error.
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A
D(s) + s(ts + 1) o

b) Proportional-Integral control D, (s) = fesths

S

B

_ s(Ts+1)
Tw(S) - 1+ A(kps+kr)

s2(1s+1)
Bs
T IS8+ s+ Akps + Ak
= —5'T,.u(s) — type 1
Bs 1 B 1 Ak;

ss = — i S = T — Ky = - =
€ sl—r>r(l) 87'33 + 52 4 Akps + A]{?[ 52 Ak] b To,w(o) B

where unit-step disturbance brings a zero error, unit-ramp disturbance yields a non-zero
constant error, and unit-parabolic disturbance produces unbounded error.

e As the system type increases, so the robustness against disturbance is improved.
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