
• (6.7.3) PI Compensation

1. The TF of PI

Dc(s) = K

✓
1 +

1

TIs

◆
=

K

s

✓
s+

1

TI

◆

2. The desirable aspect of this compensation is the infinite gain at zero frequency, which reduces
the steady-state errors. This is accomplished at the cost of a phase decrease at frequencies
lower than the breakpoint at ! = 1

TI

3. Thus, 1
TI

is usually located at a frequency less than the crossover frequency so that the sys-
tem’s PM is not affected significantly.
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• (6.7.4) Lag Compensation

1. §– Ù¡0X ˘@ �⇣X $xΩ– ⌅X\‰.

Dc(s) = �
TIs+ 1

�TIs+ 1
� > 1

2. ˘å\  ƒ

Dc(j!) = �
j!TI + 1

j!�TI + 1
|Dc(j!)| = �

p
1 + !2T 2

Ip
1 + !2�2T 2

I

\Dc(j!) = tan�1 !TI � tan�1 !�TI

3. � = 10 |LX Bode  ƒ

20 log |Dc(j!)| = 20 + 20 log
q

1 + !2T 2
I � 20 log

q
1 + 100!2T 2

I \Dc(j!) = tan�1 !TI � tan�1 10!TI

4. ¸§�ï– 0�\ §– Ù¡ 0ï
– ‹§\X ¸ƒQı π1@ Ãq§˝¿Ã, �¡¡‹ π1t Ãq§˝¿ ª` L ¨©
– ⌧Ë⌅ t›@ Dî\ Ã| ¯¨‡ �•\ Ã| ù�‹§î Ét ã‰
– ¸§�t lå ¿TXî ÉD <X0 ⌅XÏ §–Ù¡0X �ƒ 0Ïî 5ƒ �ƒ ë@ ë<\ ⌧
\⇠¥| \‰.

– §– Ù¡0X ˘¸ �⇣D s…tX –⇣ Ä¸–⌧ ⌧\ �]å 0X\‰. ¯Ït

|Dc(s1)| ⇡ 1

Ï0⌧ s1@ ¸î –Ë⌅ ˘t‰. |Dc(s1)| ⇡ 1 π1@ ¸ƒQıπ1@ ¿X¿ Jå X¿Ã, ⌧Ë⌅
⌅Ï h⇠X ⌅¥ t›@ �Ã| ù�‹®‰.
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5. ¸§�ï– 0�\ §– Ù¡ 0ï $ƒ¸�
a) G(s)X ¸§� ƒ| ¯¨‡, ¸ƒQıπ1D 0�\ ¸î –Ë⌅ ˘X ⌅X| \‹\‰
b) Gc(s) = KcDc(s) = Kc�

TIs+1
�TIs+1

c) ¸¥ƒ �� $(¡⇠\ Ä0 Dî\ Kc�| ∞�\‰. �| ‰¥, çƒ$(¡⇠� ¸¥ƒ‰t

Kv = lim
s!0

sGc(s)G(s)

d) ˘¸ �⇣D ∞�\‰. (TI| ∞�)
e) l0 pt<\ Kc ∞�\‰.
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(Example 1) G(s) = 1.06
s(s+1)(s+2) , ¸î òË⌅ ˘t �0.33±j0.58tp, t| ¿T‹§¿ J<t⌧ Kv =

5\ ù�‹§î Ù¡0| $ƒX|?
(Solution)

a) §– Ù¡0 Gc(s) = Kc�
TIs+1
�TIs+1 = Kc

s+ 1
TI

s+ 1
�TI

| ¨©

b) �� çƒ$(¡⇠

Kv = lim
s!0

sGc(s)G(s) = Kc�
1.05

2
= 5 ! Kc� = 9.524

c) ¸§�D ¿T‹§¿ J<t⌧, ˘ �⇣ ∞�X0

�5� < \Gc(�0.33 + j0.58) < 0�

�5� < tan�1 0.58
1
TI

� 0.33
� tan�1 0.58

1
�TI

� 0.33
< 0�

� = 10@ TI = 20<\ ‹ƒXt, ‰LD Ãq\‰

�5� < \Gc(�0.33 + j0.58) < 0�

�5� < �3.5� < 0�

d) Kc = 0.9524t‰

e) $ƒ⌧ §–Ù¡0

Gc(s) = 0.9524
s+ 0.05

s+ 0.005
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6. ¸�⇠Qı ⌘¸ï– 0�| T §–Ù¡ $ƒ

a) §– Ù¡0 Gc(s) = Kc
s+ 1

TI

s+ 1
�TI

Gc(s)G(s) = Kc�
TIs+ 1

�TIs+ 1
G(s) =

TIs+ 1

�TIs+ 1
G1(s) G1(s) = Kc�G(s)

�� $(¡⇠| ÃqXƒ] Kc�| ∞�\‰

b) G1(s)X Bode  ƒ| ¯¨‡, ⌧Ë⌅ ⌅Ïh⇠X ⌅¡�t îl⇠î ⌅¡Ï (5 ⇠ 10� T lå
°î‰)ò 9@ �180�X i¸ ⇡å⇠î ¸�⇠| >î‰. t| »\¥ ‘t›P(¸�⇠’\ $�

c) §– Ù¡0X ˘¸ �⇣t »\¥ t›P(¸�⇠ Ù‰ ëD| \‰. �⇣ ¸�⇠ ! = 1
TI
| »\

¥ t›P(¸�⇠X 1
10 �ƒ\ °î‰.

d) »\¥ t›P(¸�⇠–⌧ l0 · D 0db\ L$¥¨îp Dî\ ⇣å…D ∞�\‰. t ⇣å
…t �20 log �x É<\ Ä0 �| ∞�\‰

e) �\ Ä0 Kc| ∞�\‰.

(Example 2) G(s) = 1
s(s+1)(0.5s+1) , Kv = 5, PM = 40�| �¿å Xî Ù¡0| $ƒX|?

(Solution)

a) Gc(s) = Kc
s+ 1

TI

s+ 1
�TI

Kv = lim
s!0

Kc

s+ 1
TI

s+ 1
�TI

1

(s+ 1)(0.5s+ 1)
= Kc� = 5

¯Ï¿\

G1(s) = Kc�G(s) =
5

s(s+ 1)(0.5s+ 1)
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b) ©\ ⌅¡Ï � 40ƒt¿\ 10ƒ| TXÏ 50ƒ| ⌅¡Ï \ °D⌧ »\¥ t›P(¸�⇠|
>î‰.

\G1(j!g) = �90� � tan�1 !g � tan�1 0.5!g = �130�

t| Ät

tan�1 !g + tan�1 0.5!g = 40�
!g + 0.5!g

1� 0.5!2
g

= 0.84 !g = 0.492 ⇡ 0.5

c) !g = 0.5\ Ä0 1
TI

= 1
10!g = 0.05\  �. ¯Ï¿\ TI = 20

d) t›P(¸�⇠–⌧ l0 = 0 t ⇠0 ⌅\ � ∞� Dî

20 log |G1(j!g)| = 20 log 5� 20 log!g � 20 log
q
1 + !2

g � 20 log
q

1 + 0.25!2
g

= 14� (�6)� (1.9)� (0.5) ⇡ 17.6[db] ! � 20 log � = �17.6 ! � = 7.59

e) Kc = 0.66

f) Gc(s) = 0.66 s+0.05
s+0.0066
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7. §– Ù¡0– �\ 8‡¨m
a) §–Ù¡0î 0¯�<\ �¸�µ¸D0t‰. �¸�⇠–⌧ í@ t›t �•X‡, ‡¸�⇠X
ÑƒlÌ–⌧ t›D Æ§<\⌧ ⌅¡Ï | ⌧ \‰.

b) §– Ù¡0î ‹§\X �ÌÌD ⌅t‡, ¸ƒQıD ê¨å \‰.
c) D@-�Ñ ⌧¥0@ D∑\‰. tL8– Ù¡⌧ ‹§\@ H�1t ò`¿$î Ω•t à‰. ‹�
⇠ TI| ‹§\X ‹�⇠ Ù‰ ©Ñà lå t| \‰.

8. PI ⌧¥@X  ¨1

Gc(s) = KP

✓
1 +

1

TIs

◆

a) s = � 1
TI
– �⇣D, s = 0– ˘D �ƒ‰

b) ¸�⇠� 0x ⇣–⌧ 4\t›D �ƒ‰. ¯Ï¿\ �¡¡‹ π1t ⌧ ⌧‰.
c) Ñ®(⇠X ù� (˘X î�)\ ‹§\X ¡�H�ƒ� ò`ƒ‰. ¯¨‡ Qıçƒ� ê$ƒ‰.

9. (Example 6.18) try it !
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10. (Example 6.19) G(s) = 1
s(s+1) , Kv = 10, PM = 45�| �¿å Xî Ù¡0| $ƒX|?

(Solution)

a) Gc(s) = Kc
s+ 1

TI

s+ 1
�TI

Kv = lim
s!0

Kc

s+ 1
TI

s+ 1
�TI

1

(s+ 1)
= Kc� = 10

¯Ï¿\

G1(s) = Kc�G(s) =
10

s(s+ 1)

b) ©\ ⌅¡Ï � 45ƒt¿\ 5ƒ| TXÏ 50ƒ| ⌅¡Ï \ °D⌧ »\¥ t›P(¸�⇠|
>î‰.

\G1(j!g) = �90� � tan�1 !g = �130� !g = 0.84

c) !g = 0.84\ Ä0 1
TI

= 1
10!g = 0.084\  �. ¯Ï¿\ TI = 12

d) t›P(¸�⇠–⌧ l0 = 0 t ⇠0 ⌅\ � ∞� Dî

20 log |G1(j!g)| = 20 log 10� 20 log!g � 20 log
q

1 + !2
g

= 20� (�1.5)� (4.6) ⇡ 17[db] ! � 20 log � = �17 ! � = 7.1

e) Kc = 1.4

f) Gc(s) = 1.4s+0.084
s+0.012 = 1012s+1

83s+1
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Let us reconsider the design result of

Gc(s) = 1.4
s+ 0.084

s+ 0.012
= 10

12s+ 1

83s+ 1
! Gc(s) = 10

10s+ 1

100s+ 1
=

s+ 0.1

s+ 0.01
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• (6.7.5) PID Compensation

1. By combining PD and PI controls, we can get the following PID control form:

Dc(s) =
K

s


(TDs+ 1)

✓
s+

1

TI

◆�

2. This compensation is roughly equivalent to combining lead and lag compensators in the same
design, and so is sometimes referred to as a lead-lag compensator.

3. It can provide simultaneous improvement in transient nd steady-state response.
4. (Example 6.20)
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• Lead-Lag Compensation

1. ^, Ù¡@ 0¯�<\ �ÌÌD ù�‹§‡, Qıçƒ| `tå Xp, ƒËQı–⌧X $Ñà∏|
⇣å‹®‰.

2. §– Ù¡@ �¸� t›D ù�‹¥<\ �¡¡‹ �Uƒ| ù�‹®‰. ¯Ïò �ÌÌt ⇣åXÏ
Qıçƒ� ê$ƒ‰.

3. ¸ƒQı¸ �¡¡‹QıD ®P ⌧ ‹§$t ^,¸ §– Ù¡D Ÿ‹– ¨©XÏ| \‰.
4. §–-^, Ù¡0X π’

– ⌅Ïh⇠

Gc(s) = Kc

 
s+ 1

T1

s+ 1
↵T1

! 
s+ 1

T2

s+ 1
�T2

!
0 < ↵ < 1 and � > 1

$ƒX ∏X| ⌅t |⇠�<\ ↵� = 1\ ��\‰.
– Kc = 1, ↵� = 1|L ˘å\  ƒ

|Gc(j!)| =

q
!2 + 1

T 2
1

q
!2 + 1

T 2
2q

!2 + �2

T 2
1

q
!2 + 1

�2T 2
2

\Gc(j!) = tan�1 !T1 + tan�1 !T2 � tan�1 !T1

�
� tan�1 �!T2

⌅¡�t 0ƒ� ⇠î ¸�⇠ !1 >0 ?

tan�1 !T1 + tan�1 !T2 = tan�1 !T1

�
+ tan�1 �!T2

!(T1 + T2)

1� !2T1T2
=

!(T1

� + �T2)

1� !2T1T2

1� !2T1T2 = 0 ! !1 =
1p
T1T2
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⇤ if 0 < ! < !1, then §– Ù¡0 Ì`
⇤ if !1 < ! < 1, then ^, Ù¡0 Ì`

– Kc = 1, ↵ = 0.1, � = 10, T2 = 10T, T1 = T|L Bode  ƒ

Gc(s) =

✓
s+ 1

T

s+ 10
T

◆✓
s+ 1

10T

s+ 1
100T

◆

20 log |Gc(j!)| = 20 log
p

!2T 2 + 1 + 20 log
p

!2T 2 + 0.01� 20 log
p

!2T 2 + 100� 20 log
p

!2T 2 + 0.0001

\Gc(j!) = tan�1 !T + tan�1 10!T � tan�1 0.1!T � tan�1 100!T
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5. ¸§�ï– 0�| T §–-^, Ù¡0 $ƒ (↵� = 1x Ω∞)

Gc(s) = Kc

 
s+ 1

T1

s+ �
T1

! 
s+ 1

T2

s+ 1
�T2

!
� > 1

a) 1• ¨ë<\ Ä0 ¸î –Ë⌅ ˘X îl⇠î ⌅X s1 | ∞�\‰

b) $( ¡⇠� �X⇠¥ à‰t, t| t©XÏ Kc| ∞�\‰. �|‰¥ çƒ$(¡⇠� �X⇠¥
à‰t

Kv = lim
s!0

sGc(s)G(s)

c) ¸î –Ë⌅˘–⌧ G(s1)X Äq� �| ∞�\‰.

d)
����
s1+

1
T2

s1+
1

�T2

���� = 1 (§– Ù¡X �•t ∆‰)î ��X–, ¸î –Ë⌅ ˘X ⌅X s1–⌧

�����Kc

s1 +
1
T1

s1 +
�
T1

G(s1)

����� = 1 \
s1 +

1
T1

s1 +
�
T1

= �+ 5�

⌅X 2 pt<\ Ä0 T1¸ �| ∞�\‰.
e) �| �¿‡ ‰LX 2 pt<\ Ä0 T2| ∞�\‰.

�����
s1 +

1
T2

s1 +
1

�T2

����� = 1 �5� < \
s1 +

1
T2

s1 +
1

�T2

< 0
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(Example 1) G(s) = 4
s(s+0.5) , ⇣ = 0.5, !n = 5, Kv = 80t ⇠ƒ] Ù¡0| $ƒX|?

(Solution)
a) ¸î –Ë⌅ ˘ s1 = �⇣!n + !n

p
1� ⇣2 = �2.5 + j4.33

b) çƒ$(¡⇠\ Ä0

Kv = lim
s!0

sGc(s)G(s) = Kc
4

0.5
= 8Kc = 80 ! Kc = 10

c) ¸î –Ë⌅˘–⌧ G(�2.5 + j4.33)X Äq� �| ∞�\‰.

\G(�2.5 + j4.33) = \ 4

(�2.5 + j4.33)(�2 + j4.33)
= �120� � 114� = �180� � � ! � = 54�

d)
����
s1+

1
T2

s1+
1

�T2

���� = 1 ��, â T2 � 1tt ��t Ãq ⇠ à‰. ¸î –Ë⌅ ˘X ⌅X s1–⌧

�����10
�2.5 + j4.33 + 1

T1

�2.5 + j4.33 + �
T1

4

(�2.5 + j4.33)(�2 + j4.33)

����� = 1

p
(2.5� 1/T1)2 + 4.332p
(2.5� �/T1)2 + 4.332

= 0.635

\
�2.5 + j4.33 + 1

T1

�2.5 + j4.33 + �
T1

= 59� � tan�1 4.33

2.5� 1/T1
+ tan�1 4.33

2.5� �/T1
= 59�

⌅X 2 pt<\ Ä0 T1¸ �| ∞�\‰.
e) �| �¿‡ ‰LX 2 pt<\ Ä0 T2| ∞�\‰.

�����
�2.5 + j4.33 + 1

T2

�2.5 + j4.33 + 1
�T2

����� = 1 �5� < \
�2.5 + j4.33 + 1

T2

�2.5 + j4.33 + 1
�T2

< 0
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6. ¸�⇠Qı– 0�| T §–-^, Ù¡0 $ƒ (↵� = 1x Ω∞)
(Example 2) G(s) = 20

s(s+1)(s+2) , Kv = 10, PM = 50� t¡D Ù•Xî Ù¡0| $ƒX|?
(Solution)
a) From Kv = 10,

Kv = lim
s!0

sGc(s)G(s) = Kc
20

2
= 10Kc = 10 ! Kc = 1

b) Bode plot of G1(s) = KcG(s) = G(s)

|G(j!)| = 20

!
p
!2 + 1

p
!2 + 4

\G(j!) = �90� � tan�1 ! � tan�1 !

2

»\¥ t›P(¸�⇠ !g  �

tan�1 !g + tan�1 !g

2
= 90�

1.5!g

1� 0.5!2
g

= 1 !g =
p
2 = 1.414

§– Ù¡0X �⇣ ¸�⇠ 1
T2

= !g

10 = 0.1414\  �: T2 = 7.07
!g = 1.414–⌧ PM = 50�t¥| X¿\, ⌅¡ ^,@ �m = 55�

sin�m =
� � 1

� + 1
! � = 10

§–Ù¡0î

s+ 1
T2

s+ 1
�T2

=
s+ 0.1414

s+ 0.01414
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c) !g = 1.414–⌧

|G(j!g)| =
20

!g

q
!2
g + 1

q
!2
g + 4

= 3.33 ! 10.45[db]

¯Ï¿\ !g–⌧

����
s+ 1

T1

s+ 10
T1

���� =
1

3.33t ⇠¥| \‰.

q
!2
g +

1
T 2
1q

!2
g +

100
T 2
1

=
1

3.33
! T1 = 2.03

^,Ù¡0î

s+ 1
T1

s+ �
T1

=
s+ 0.4764

s+ 4.764

d) §–-^,Ù¡0î

Gc(s) = Kc

 
s+ 1

T1

s+ �
T1

! 
s+ 1

T2

s+ 1
�T2

!
=

s+ 0.4764

s+ 4.764

s+ 0.1414

s+ 0.01414

(6• ⇡⌧) 71⌧X 8⌧ ⌘ 10⌧ Ä¥ ⌘⌅‡¨ ‹ÿ ¡⌅ ⌧ú

87


